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§1 August 27th, 2020

§1.1 Introduction

Consider a random experiment - this involves a state space {2 and some ”probability”
on it. The outcome of an experiment would be w € ).

Example 1.1 (Fair Coin Toss)
Q = {0,1},P(0) = 1/2,P(1) = 1/2 models a fair coin toss. The outcomes are
we€Qw=0o0rw=1.

Example 1.2 (Continuous State Space)

Q = [0,1], X is the outcome of a random experiment. Suppose X is uniformly
distributed random variable. P(X € [0,1]) = 1/2. Take A = QN [0,1]. P(z €
A) = 0, since A has no ”"volume”. Similarly, taking A; = R\ QN [0, 1], then
P(x € Aj)=1— P(x € A) = 1. Finally, take E C [0,1]. P(x € E) ="volume” of E.

The issue: we need to define some notion of volume. Some properties we would like are
the following:

e Translation Invariance

e Countable Additivity: Ay, Ag,... disjoint with A = |J A4;, then P(A) = >"°, P(4;).

§1.2 Nonmeasurable Sets

Take I = [—1,2], and define x ~ y iff z —y € Q. [Exercise: check that ~ is an equivalence
relation.] This decomposes I into equivalence classes I/ ~. Note that the equivalence
classes are countable, since any class is x + A, A C Q.

For each equivalence class B, pick xp € BN [0,1]. Define E = {zp} over all the
equivalence classes. Note that zp is a representative of B in F, so B={x,+q:2p+q€
I,q€Q}.

Now, consider the set [0, 1] C qu[fl,l] E +q C [-1,2]. Equality doesn’t hold, because
there can be B s. t. xp is close to 0. Then E + (Q N [—1,1]) will only recover elements of
B near 1 and will not go up to 2.

Proposition 1.3
We claim that E + g are disjoint for different values of q.

Proof. Suppose E + q1 N E + g2 # () for some q1, q2. Then, there exists z,y € FE such
that £ + ¢1 = y + ¢o. This implies that x —y = ¢2 — ¢1 € Q, so x ~ y, but by definition,
there is exactly one member of each equivalence class in F. O

The big question: What is P(E)? Suppose P(E) > 0. Then ¢y ) E+Q C [-1,2]
and P(E+ q1) = P(E + q2) = P(F) for all g1, go. Furthermore, by countable additivity,

1>P( |J )= ) PE+q =0 PE).

q€[-1,1]E+q q€[-1,1]
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This would imply that P(E) = 0. However,
pac U Ete=POI)=1/3< 3 PE+)=0
q€[-1.1] q€[-1,1]

Hence, P(E) cannot be defined.

The issue is the step where we pick z g, since we need to pick xp from uncountably
many points, which assumes the axiom of choice. It was proved by Robert M. Solovay
that all models of set theory excluding the axiom of choice have the property that all
sets are Lebesgue measurable.

Our goal is thus to come up with a general framework where things can be consistently
defined for a large class of sets.

§1.3 Measure Theory Beginnings
For the definitions, we take {2 to be the state space.
Definition 1.4 (Sigma-Algebra). Suppose ¥ follows the following properties:

1.0eXx

2. Ae¥ = AcX

3. A1, Ay, -+ € %) then UAZ ex
Note that 2 and 3 imply 1 since (AU A¢)¢ = (). Then X is a sigma-algebra.

Note that we also have countable intersections(this is an easy exercise).
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§2 September 1st, 2020

Last time:

e We discussed the notation of a Y-algebra, a reasonable class of sets on which we
will define measures.

e Properties: 0 € A, Aec A, A€ A JA; € A

§2.1 Measures
We are working in a space (£2,%).

Definition 2.1 (Measure). A measure is a function p : ¥ — [0, co] with the following
properties:

e u(0)=0
e ”"Countable Additivity”: u(lJA)i) = >  u(A;) for disjoint A; € 3.

Example 2.2

If Q is finite, 1,2,...,n, ¥ = 22, then all possible measures on (£2,¥) are given by
fixing ay,az,...,a, € [0,00] and p(A) = .4 ai.

Properties of measures:
e Monotonicity: A C B, then u(A) < u(B).
Proof. B=AU(B\ A) and B\ A €%, so

w(B) = u(A) + u(B\ 4) > u(A).

0
e Countable Subadditivity: A C J;2; B;, then pu(A) < u(Bj).
Proof. We disjointify the B;: Define C; = By,C; = B; \ B;—1. Then
w(A) < uJCo) = S (@) < 3 u(By).
O
e : Continuity from below: If A; 1 A, then u(A;) 1T n(A).
Proof. A= A; U (A2\ A1) U (A3 \ A2) ..., so by countable additivity
p(A) = Z; p(Ci) = lim Z; u(Ci) = lim p(Ay).
O

e Continuity from above, if A; | A, and u(A1) < oo, then u(A;) — u(A)

Proof. We need the condition p(A4;) < co. Take A; = [i,00) as a counterexample if
we don’t have that condition.

Define A; \ A; = By, so B; T A1 \ A. Then, use the continuity from below. O
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§2.2 Sigma algebras
Fact 2.3. For any A C 29, define

S(4) =)=

AeX¥
Then, 3(A) is a sigma-algebra.

Note that ¥(A) is the smallest sigma-algebra containing A. For this reason, we call it
the sigma-algebra generated by A.

Example 2.4

Take X,Y C 2% We want to prove (X) = X(Y). It suffices to show X C X(Y)
and Y C ¥(X).

Definition 2.5 (Borel Sigma-Algebra). (Q,U), a topological space with a family of open
sets. The Borel Sigma-Algebra is B = X(U).

Example 2.6

For Q = R, B is the sigma algebra generated by open sets in R. We also have B is
the sigma-algebra generated by open intervals in R, which follows from the fact that
any open set can be written as a countable union of open intervals. Furthermore,

¥((a,b) : a,b € Q,R) = X([a,b] : a,b € Q,R),

since [a,b] = (@ —1/n,b+1/n) and (a,b) = Jla + 1/n,b—1/n].

§2.3 Uniform Measure on the Borel Sets

We will attempt to define the uniform measure on Borel sets of R. Broadly, we do it as
follows:

1. Define it on a semi-algebra containing the intervals.
2. Extend the definition to an algebra.
3. Extend it to a sigma-algebra.
Definition 2.7 (Semi-algebra). ¥ C 2 is a semi-algebra if
e Ay, Ay € ¥ implies A1 NAs € X
e A; € ¥ implies that Af = |J_, B; for B; € X.

Note: The set of intervals {(a,b) : a,b € R} is not a semi-algebra. If (a,b)¢ = [b, 00)
which is not finitely coverable by disjoint open sets. Similarly, {[a,b] : a,b € R} is not a
semi-algebra.

Claim: ¥ = {(a,b] : a,b € R} is a semi-algebra. [This is left as an exercise].

Now, p((a,b]) = b— a. The proof that u is countable additive on X. If A = J:2, B;,
B; disjoint, A, B; € X, then pu(A) = >, u(B;).
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Proof. We first show that pu(A) > >"°, u(B;). This is an easy exercise, show p(A) >
S w(Bi), and we pass to the limit.

It suffices to show p(A) < >°22, p(B;). We do this by exploiting compactness.

Let A = (a,b] D [a+1/n,b] = A;, take B; = (¢;,d] C ¢;,d+ 5; = Bj. Note that

o0
Acl| B,
i=1

so there exists a finite subcover A’ C U?Zl B! . Tt is easy to show that b — (a4 1/n) <
J
Z?zl(dgj - c;j). But note that

J=1 j=1
which implies that
p(A) = 1/n <> u(Bi) + €= p(A) <> u(B)
=1 =1

Definition 2.8. A is an algebra if
e e A
e A; € Aimplies A€ A
o Ay,...,A, € A then | 4; € A.

The algebra generated by a semi-algebra is given by taking all possible disjoint finite
unions.

Claim: ¥, = {{J;_, A;} for disjoint A; semialgebras is an algebra.

Proof. We show A,B € ¥, = AUB € X, and A° € ¥,. Note that A = J , C;, B =
U§=1 Dj, so

n k
ANB= U UCZ‘OD]‘,
i=1j=1
and C; N Dj are disjoint. Then C;, D; € ¥ implies C; N D; € X.
Then, if A=\, Cy, then A° =, C¢, and Cf = J;_, E; € S O

We extend p to an algebra by u(A) = Zle w1(C;), where A = J C; in the semi-algebra.
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§3 September 3rd, 2020

Recall that we are aiming to define the uniform measure on (R, 5).
Last time:

1. We defined a premeasure on a semi-algebra, which Yge; = {(a,b] : —00 < a <
b < oo}, u((a,b]) =b— a was countably additive.

2. Extend p to an algebra Y, = disjoint union of elements of Ygep;.

3. For A= Ci e %,

§3.1 Uniform Measure on the Borel Sets

We first need show show p is well defined. Suppose A = Uézl Cs, U§:1 Bj for C;, B; €
Ysemi- We want

Note that C; = ngl(C’i N B;), which are all disjoint. Similarly, B; = Ule(Bj NC;),
disjoint. Thus, from the finite additivity of ¥4e;, we have

k k / 14

> @) =) > uCinBy) => u(By),

i=1 i=1 j=1 j=1

as desired.
We will next show that p is finitely additive additive. First, if we have Ay, Ao, ..., A, €
Y, disjoint, we show p (|JA4;) = > pu(A;).

Note that each A; = U;n:ll Cji», which are disjoint, so

p(Ua) = (UUG | = Yo me) = Y ntan.
i g i=1 j=1 i=1

Next, we show p is monotonic. For A, B € ¥,,AC B, B=AU(B\ A), so

w(B) = p(A) + (B \ A) = u(A).

We show countably additivity: Let A = (J;2, n(A4;). We need to show pu(A4) =
2imy H(Ai).

We first show p(A) > >, u(A;). It suffices to show p(A) > >0 u(A;). Since
Ui~; Ai € A, monotonicity gives p ([J; Ai) < p(A).

Next, we show p(A) < 322, u(A;). First A =5, C; for Cj € Ssemi, Ai = U Ci
for CZ € Ysemi-

Thus,

10
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k oo ~ k
p(A) = u(C) <Y u(C N A) =Y u(Cy N A4).
j=1i=1 i=1 j=1

Note that C; = [J;2; ;" C; N Cf, and we finish by using countable additivity for

z:semi .

It suffices extend to 3(X,) which is the sigma-algebra generated by X,.

\
Theorem 1 (Caratheodory’s Extension Theorem)
We have the following:
e Given a countably additive measure p on an algebra ¥,, it can be extended to
a measure on %(X,).
o If i1 is o-finite on X, the extension is unique.
A measure p is o-finite on ¥, if there exists A; C A C --- € ¥, so that (J4; = Q,
w(A4;) < oo for all 4.
. J

Proof. For example, consider Yem; = {(a,b] N Q}. Then ¥ = 22, The cardinality of
every element in Y. is either co or 0. Define u(A) = oo if |A| = o0, else 0. One can
check p is a measure on Ygepm;. We can also take the counting measure v. This agrees on
Ysemi, but not on 3. We can check that v is not sigma-finite.

We now show uniqueness, given o-finiteness. For simplicity, assume p(2) < oo. If
we have two measures 1, g on ¥ with g (A) = pa(A) for all A € ¥,, then we show
u1(B) = pa(B) for all B € 3.

A general strategy to show some property is true for a sigma-algebra is to show that
the sets satisfying those properties must be closed under some natural operations and
that any such family of sets must contain a sigma-algebra.

/ I
Theorem 2 (7 - \)

A class of sets P is said to be a w-system if A, B € P implies AN B € P. A class
of sets G is said to be a A-system if Q € G, A C B, A, B € G, then B\ A € G, and
A, eG,A T A— AeG. If Pisaw system contained in G, a A-system, then
X(P) C G.

. J

Note that a semi-algebra is a 7 system. It suffices to consider the set € = {A : p1(A) =
w2(A)}. We know that Yo € €. To show ¥ C €, it suffices to show that € is a
A-system.

Note that a sigma-algebra is a A-system, so given any m-system P, ¥(P) is the smallest
A-system containing P.

We have already verified ¥, C %. Furthermore, 2 € € because (2 is an algebra. Finally,
suppose we have A C B, A,B € %. Weneed B\ A€ €. ui(A) = pu2(A), 1 (B) = pa(B)
and () < co. Since p1(Q2) = u(Q2) = p2(Q) < oo,

p1(B\A) = p1(B) — p1(A) = p2(B) — p2(A) = p2(B\ A).

For A; 1 A, by continuity from below, u1(A;) = p1(A), pe(A4;) — p2(A),so Ae €. O

11
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An easy exercise is to modify the above prove to include the sigma-finite case. The proof
of the m — A theorem involves some set theory.
We’ll sketch the existence proof. Suppose we have p on Y,. For example, take B C R.
How do we define pu(B)? We could try to approximate B by the union of intervals.
Define the outer measure, p,(B) = inf Y .2, pu(A;) defined over covers of B. Some
properties are puy(B1) < py(Ba) if By C Ba, ps(0) = 0, and ps (U Ci) < D2 14 (Ch).
Define A = {A: ji(E) = p(ENA) + p (ENACWE}. Ais a sigma algebra containing
Yo and p, is a measure when restricted to A.

12
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§4 September 8th, 2020

Last time, we completed the construction of the uniform measure on the Borel sets.

84.1 The Outer Measure

On an algebra ¥,, let X7 be the elements formed by taking countable unions of elements
of ¥,. Let £7° contain countable intersections of elements of $7. Notice that from the
definition of an outer measure, for any set B, there exists a set B’ € 2g5 such that

B C B, ux(B) = p(B).

This implies that p.(B’\ B) = 0 and for every N such that p.(N) =0, we can check
that N belongs to A. Remark: The construction defines the measure p. on sets of the
form AU B, where A is a Borel set and p.(B) = 0. It is easy to check that u.(B) =0
implies that there exists a Borel set C' such that p.(C) =0 and B C C. Thus, we call it
the completion of Borel sets. This is a strictly larger sigma-algebra than the Borel sets,
which follows from comparing cardinalities. Namely, the cardinality of the Borel sets is
2No - Observe the Lebesgue sigma algebra contains 2Cantor Set — 9C'

Meausres on the real line are characterized by distribution functions, which are non-
decreasing right continuous functions F'. One can adopt the same strategy to define
a measure on the real line by defining u((a,b]) = F(b) — F(a). Similarly, given p on
(R, B(R)), we can check that F'(b) = u((—o0,b]) is a distribution function.

We can also consider (R?, B(R?)), the Borel sets on R?. We claim that this is

2((@1,[)1) X (ag,bg) X e X (ad,bd)) = 2(31,32, .. .,Bd : Bi S B(R))

For distribution functions on R?, consider the lexigraphical partial order. We would
like them to satisfy,

e F(x) is non-decreasing
e F(x) is right continuous: If z; | z, then F(x;) — F(x).
o F(z) »>0as x| —oo, F(z) = 1 as z — oo.
The properties above are not actually enough to define a measure. (Consider the semibox
in R?).
However, for any F' such that F'(A) > 0 for any A € Ysemi, the strategy to build a
measure on B(R?) from ¥, — Lo — B(RY) works.

§4.2 Functions Between Measure Spaces

Suppose we have two measure spaces (21, %1), (Q2,32) and a function f : Q1 — Qa.

Definition 4.1 (Measurable Function). f is said to be measurable if f~1(Ay) € ¥
for all A € 9. If (Q2,%2) = (R, B(R)), then f will be called a random variable.

Proposition 4.2

If $5 = $(A), then to check f is measurable, it suffices to check f~1(B) € X; for all
Be A

13
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Proof.

S = {B: [(B) e %)
is a sigma-algebra: If B € ¥/, then B¢ € Y/, since f~1(B¢) = (f~1(B))¢. Q € X' since
F71() = Q. Tt is easy to check countable unions. ¥’ is a sigma algebra containing A,
so Y/ contains X(A). O

Fact 4.3. If we have f : (Q1,%1, 1) — (Q2,39), f induces a measure pug on (g, 39)
where pa(B) = u(f~1(B)) for all B € %s.

Some properties:

o If we have f : (21,%1) = (Q2,%2),9 : (Q,32) — (Q3,%3), then h = go f is

measurable.

o If X1, Xy are two random variables, then (X7, X2) is a measurable function into
(R?, B(R?)).
We know that B(R?) = X(I; x I) for intervals. Finally,

(X1, X2) " H(I x o) = XH(1) N X5 (T2)
, 50(X1, X2) "1 (I x I3) is measurable.

e Suppose F' is a continuous function from (21, B(Q21)) — (Q2, B(22)). Then F is
measurable, since the preimage of open sets is open.

e if X1, Xo,..., X, is arandom variable, then X7+ Xs+-- -4 Xy is a random variable.

e If f,, are random variables and f, — f pointwise. Then, f is measurable.

Proof. Consider the set {f > z} = ;2 —p{fm > x} is measurable. Then
(z,00).er is a generating set. O

o X : (21,%1,11) = (R,B(R)) induces a measure pu on (R, B(R)), where u(B) =
w1 (X~Y(B)) for all B € B(R). It also induces a distribution function F, which is
nondecreasing, right continuous, and F(z) 71 and x — oo, F(z) L 0 as © — —o0.

Given a distribution function, is there a random variable? Given a distribution
function, we can construct a measure on R by the Caratheodory Extension Theorem. Let
I:(R,B(R),u) — (R,B(R)). We could also take X : ([0,1], B([0,1], ) — (R, B(R)),
where p is uniform. Suppose F' is continuous and strictly monotone. We want X to induce
the distribution F', so it suffices to show X ~!(co,y) = [0, F(y)]. If we define X (F(y)) = y,,
we get the above, but that’s not always well defined. For general distributions, one can
come up with various definitions of an ”inverse” which induces the desired properties.
One particular choice is

w € (0,1), X (w) =sup{y : F(y) < w}.

It is an exercise to check that {w : X(w) < z} = {w: w < F(z)}, which implies that
X is measureable.

14
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§5 September 10th, 2020

§5.1 Integration

We work in (2, X, 1) a sigma-finite measure space. Often, we take it to be a probability
measure. The goal is to define a notion of integration for measurable functions and the
behavior of integration with limits. Consider a function f : ) — R measurable with the
Borel Sigma-algebra.

Our strategy is as follows:

1. Consider simple functions.
2. Extend to bounded functions.

3. Extend to general functions.

§5.2 Simple Functions

Definition 5.1 (Simple Function). Consider f = 1g, where u(E) < oo, an indicator
function. A simple function is a linear combination of indicator functions,

k
f= el (A < oo,
=1

where A; are disjoint.
We'll define the integral of a simple function as

k
=1

First, note that any f = Zle d;1p, can be represented as Z?Zl cila,, where they are
disjoint. We verify that our definition is well defined. Suppose

k m
f = ZCilAi = ZeleJ"
i=1 j=1

Then, observe that for i,j such that A; N F; # 0, then ¢; = e;. So, we have f =
Zij dz‘,leij, and we can check that d;; = ¢; = e;. Thus,

icm(flz‘) = Zdij,u(Ai NFj) = f;ejﬂ(Fj)
- o P
Some properties:

o If f>0then [ f>0.

e [af=af7].

JU+a=[1+]g

If g< fthen [g< [ [

ifg=1f [g=[1

[ fI < JIfI-

15
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§5.3 Bounded Functions

Suppose |f| < M and f vanishes outside E and p(F) < oo.
We can approximate from above or below:

sup/ g < inf/ h
g<f h>f

To prove equality, it suffices to show that there exists g, h such that [h— [g <e. It
suffices to construct h such that h — f < eand f —g <e. Then [h— [g < 2eu(E).
Note that the range of f is [-M, M], so we can discretize the interval into smaller
intervals Iy, ..., Iy of size e.
Then, define Ay = f~1(I;) N E, and f~!(I;) N E = A;. Then.

h=> ((j+1)e=M)la,g=>Y je—M)la,.

Thus, [ f =sup [ g =inf [ h.
Observe that the new definition agrees with the old definition when f is simple.
As an exercise, we'll verify [ f+g= [ f+ [ g. Take Suppose [hy > [ f > [ g1 with
fhl—gl<e,andfthngfggWithfhg—gg<e.
Then
hi+hy > f+9> g1+ g2,

/h1+/h2</91+92+26=/91+/92+26.

§5.4 General Functions

and

Assume f > 0. Note that we can no longer approximate from above, so we approximate
from below:

/f - Sup{/ h,h < f, bounded }.

Clearly, the definition agrees with the old one for bounded functions with finite support.

As an exercise, we'll prove that [ f+g = [ f+ [ g. If we have a bounded hy < f,hy < g,
then hy + hg < f + g, which implies that [hy +hy = [h1 + [he < [ f+g. and
sup [hi+sup [ho= [f+ [g,so [f+ [g<[[f+yg.

4 N\
Lemma 5.2

Suppose E, 1 Q, u(E,) < oo. Now, consider (f An)lg, , where f An is the minimum
of f,n. Then, the function is bounded and has finite support. Note that (f An)lg,.

We claim that
Jnme 1 [+
(G 4

i [ ( nn)te, < [ 1

since hy, = (fAn)lg, is contained in the set of bounded functions for which the supremum
is [ f.

If suffices to show that lim [(f An)lg, > [ f. Take h bounded such that [ f < [g+e.
There is a set E such that ¢ < M on E and g is 0 on E°.

Proof. Tt is clear that

16
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g < f,so forany n > M, h, > g on E, N E. We claim that

/hnz/g—M,u(E\En).

Then E,, 1, so u(E\ Ey) — 0. O

Now, we conclude the original proof. Note that [ f + ¢ =lim [((f + g) An)lg,, so
[+ nmie, < [(anie+ [,
Taking limits gives the desired result.

§5.5 Arbitrary Measurable Functions
Define [ f only when [ |f| < oo. Define

f=r=r,

[r-]-Jr

where f* = fVO0,f~ = fAO0.
Then

Lemma 5.3
If f1, fo nonnegative and f = f; — fs, then

[t=[n-[r

Proof. f=ft—f~=fi— fo, 50
ffHf=H+1,

[rs [r=[n+[1
[i=[r-[r=[n-[n

then

SO

17
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§6 September 15th, 2020

§6.1 Properties of Integrals with Limits

We assume for simplicity that our measure space (2,3, u) is finite. Last time, we
defined integrals for measurable functions starting with indicators, to simple functions,
to non-negative functions, and finally to general functions.

Observe that if f is 0 almost surely, then | f = 0. Suppose {f,} is a set of measurable
functions and f, — f pointwise almost everywhere, then lim f,, is measurable. In other
words, there exists a set E such that u(E) = 0 and f,, converges on E°. Define f to be 0
on E and lim f, on E°. Note that f is measurable. Suppose f, ”converge” to f. When
can one expect [ f,, to converge to [ f?

Definition 6.1 (Convergence in Measure). We say f, — f in measure if given € > 0,
lim i (fu— f| > €) = 0
n—oo

We denote this by f, £ f.

Exercise 6.2. If () < oo, then f,, — f almost everywhere implies that f, NS

Example 6.3

Suppose fn = 1[_p ) over R. Then f, — f = 1g, but u(|fn — f| > €) = oco.
Recall continuity of measure from below: If A, T A then u(A,) T ©(A4), but if
w(A) = oo, then pu(A) — u(Ay,) = oo for all n. This doesn’t happen for u(2) < oo.

Example 6.4
If f, & f, then does f,, — f almost everywhere? No: Take Q = [0,1], f = 0 and

J1=1p,1/m)s f2 = L/n2/m)s o fn = Yn—1/na]s fne1 = Loa/(mt1))s -
There is always some interval where f,, = 1, so it does not converge pointwise to 0.

Example 6.5
If f, & f, then does [ f, — [ f? No. Take f, = 11,

~N
Theorem 3 (Bounded Convergence Theorem)
Suppose p is finite and f,, are supposed on E such that p(F) < oo.
If |fo] < M and f, & f, then [ f, — [ f.
. J

Proof. f must be 0 almost everywhere outside E. Define F' = {|f,, — f| < ¢}. Note that

L= o\ [ it=ri+ [ 1f-n

e—0

<euw(E)+2Mpu(F°NE) — 0.

18
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Theorem 4 (Fatou's Lemma)
If fn 2 0 then

imint [ fud> [ (imint 1)

Proof. Let gp(x) = inf;,; >y fm(z). Then g,(z) T g = liminf f,.
We know that f, > g,. This implies that [ f, > [ g,. We have that

liminf/fn > liminf/gn = lim/gn.

Hence, It suffices to show that
lim / Gn > / g

Recall that g, T ¢ so limg, = g. Consider g, A m, a bounded function. Note that
gn Am 1T g Am, so by the Bounded Convergence Theorem,

/(gn/\m)T/(gAm)-

/gnZ/(gn/\m)’
nm/gnzlim/(gn/\m”/@Am)T/g’

where the last inequality comes from approximation by bounded functions of finite

Furthermore, we have

SO

support. U

Theorem 5 (Monotone Convergence Theorem)

If f, >0and f, T f, then [ f, T [ f.

Proof. Note that [ f > lim, o [ fnsince [ f > [ f,. Then [ f <lim,_, [ f, by Fatou’s

lemma. O

Theorem 6 (Dominated Convergence Theorem)
If | fn] < g where [ g < oo and f, — f pointwise, then

[t |1

Proof. Note that f, +¢ >0, and f, + g — f + g so by Fatou’s lemma,
liminf/fn—i-g > /f—i—gd,u,
n—oo

which implies that liminf, .o [ fn > [ f.
Then, applying the result to g — f,,, we have

liminf —f,, > —fﬁlimsupfng/f,

n— n—00

which implies that lim [ f,, = [ f, as desired. O
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§6.2 Expected Value

We have been discussing measurable functions, but these can easily be translated into
the language of random variables. Namely, if X is a random variable and [ |X| < oo,
then [ X = E(X), the expectation of X.

e X, >0, then X, T X — E(X,) — E(X).
o |X,| <Y, X, — X, E(Y) < oo, then E(X,,) — E(X).

§6.3 Change of measure for Integrals

We have a random measurable map
X0 (1,81, 1) = (Q2,X2) 14 (R, B(R)).

Then foX :(21,%1) = (R, B(R)), and if [ |f o X| < 0o, then X induces a measure ps
on (Q,Ys) with pa(A) = u1(X~1(A)). Hence, we can discuss

/Q fe

Theorem 7 (Change of Measure)

foXdur= [ fdus.
Ql QQ

Proof. Let f =1 for E € Y.
| s = () = pa(x7().
Then fo X = 1(X"1(E)),

/ foX = (X \(E)).

For simple functions, we can use linearity of integrals for the result. For nonnegative
functions, we construct a monotone sequence of functions which increase to f. One
possible choice is

12" f]

We know that f,, T f and le fnoX = ng fn, and f,, 0 X 1 fo X, so by the monotone

convergence theorem,

fnoX = [ folX,
Ql Q1

[ [ 1
0y 0
so it follows that [ fo X = [, f, as desired. O

and
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§6.4 Product Measures

We will relate high dimensional integrals with low dimensional ones with the notion of
Product Measures.

Let (21,31, p1), (Q2, X9, u2) be measure spaces. Consider (21 x Q9, X(X1 x X3)). Note
that 31 x X9 is a semialgebra. From here, we construct the product measure.

~N
Theorem 8
There exists a unique measure on ¥, = ¥1 X ¥, u such that
(A x B) = p1(A)pa(B)
for all A x B € ¥,. We will call this the product measure.
. 4

Proof. Given a countable additive sigma-finite measure on a semi-algebra, it admits a

unique extension to the generated sigma-algebra by Caratheodory’s extension theorem.

To prove the existence and uniqueness, it suffices to check countable additivity on X1 x 3.
If we have A x B =J A; x B;, we want

WA X B) = i (A)pa(B) = > pa(Ai)pa(By).

Our strategy is to product to one dimension less. Fix z € A. Note that B = {y :
(z,y) € Ax B}. But A x B =|JA; x B;. Consider all 4;’s that contain z. Then, the
corresponding B;’s form a disjoint partition of B. We know that us(B) = 4. p2(B;)
for all x € A, so in particular

Lapa(B) =Y 1apa(Bi).

We claim that the two functions are pointwise same on §2;. Then, we integrate (uses
MCT) with respect to u1 to get

i (Apz(B) = lim Y pu(Ai)pa(By).
=1
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§7 September 17th, 2020

§7.1 Product Measures, Continued
We have a semialgebra X1 x 39 and we denote X149 = X(X1 X X3). Let E € Xqxo.

\
Lemma 7.1
For any X € Q;, the set
E,={yeXs:(z,y) € E}
is measurable.
J

Proof. If E = Ey x E5, then either E, = () or E, = E5. We show that the set of F with
this property forms a sigma-algebra. If £ € A, then (E), = (F,)¢ so E° € A.

If By,Es,--- € A, then
(U E) = J(E)a
i=1 x

=1

Hence, A is a sigma-algebra containing 1 X Yo, so A = X1«a. O

Theorem 9
For any FE € Y19,

p X po(E) = p(E) :/Q p2(Ez)dp,

and po(F,) is a measurable function from ; — R.
4

Proof. The result is clear for rectangles. If E1,Ey € A, then po(E;) = po(Erx) +
wa(Fag) — w((E1 N E2);) We use the m — A theorem. It suffices to show that A is a
A-system and we have that A D 1 X ¥g, which is a 7-system.

It is clear that Q7 x Q9 € A. We claim that if £, € A, then E, T E implies
E € A. Note that (E,); 1 E, for all z then us(Fnz) T pe(E;) and if we define
u2(Enyz) = fn(x), then f,(z) T E, is measurable, as desired. Finally, we show that if
FE1 D FEy and Eq, Es € .A, then Fj \ Ey € A. This is clear since (El \ EQ)Q; = F1; \ FEs,
so w((E1\ E2)z) = po(E1z) — pa(Fay) is measurable as the difference of finite measurable
functions.

The same argument shows that A is a A-system if we define A to be all E so that both

conclusions of the theorem hold.
O
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4 N
Theorem 10 (Fubini)
Let f > 0or ||f]1 < co. Then
1. For all z, f(z,-) is measurable on Y.
2. [ f(z,-) is measurable on X;.

Proof. We have verified this for f = 1g. Suppose f > 0. By linearity of integrals and
the fact that the sum of measurable functions is measurable, the claim holds for simple
functions. For general f > 0, take a sequence of simple functions f, 1 f.

Then,
/(/ fnl(z, ')du2> du = /fnd(m X fi2),

so the result follows from the monotone convergence theorem.
For general f € L'(R), f = f* — f~, so we use the above to conclude. O

Example 7.2 (Not-integrable Function)

Let ©Q; = Qo = N. Suppose pi,p2 are counting measures. Let f(m,m) = 1,
f(m+1,m)=—1and f(m,n) =0. Then

S fmm) =133 fm,n) =0.

The failure is that f ¢ ¢'.

Example 7.3 (Not o-finite)

Let Q1 = Q9 = (0,1). Let up be the uniform measure and g be the counting measure.
Let E = {(z,2z) : x € (0,1)}. Then [ [ puo(Ey)dus =1, but [ [ p1(Ey)dus = 0.

§7.2 Independence

Definition 7.4 (Naive Independence). If X, X9 are random variables, then X; and Xo
are independent if

P(X1 €E,Xo€ F)=P(X, € E)P(Xy€F).
We will generalize this notion.

Definition 7.5 (Independence). For a (Q,%,u), if ¥1,%,,..., X, C X are said to
be mutually independent if for any subset {i1,i2,...,5} C {1,...,k} and sets
Ai17Ai27 .. .,A”, Aij S Ez‘j

plAi 00 Ayp) = [T (A

This is the same as the condition
k

p(Arn Ay 0. Ay) =[] w4,

i=1
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since we take some of the A4; = Q.

Definition 7.6 (Independent Random Variables). X7, ..., X} are mutually independent
of {3(X;)} are mutually independent.

Theorem 11

Suppose Aj, Ag,- -+ C ¥ are mutually independent 7-systems. Then 3 (A4;) are also
mutually independent.

Proof. Wlog, we can assume ) € A; for all i. Fix By € As,...,By € Ay. For By € ¥(A4,),
define the two measures u/, u’ as

i (B1) = w(Bi N Bz ---N By),

¢
1" (B1) = w(By) HM(Bz‘)-

We claim that ' = p”. Observe that ' and p” agree on A; by hypothesis, so the
claim holds by the uniqueness part of the Caratheodory Extension theorem on ¥(A;).

Y(Ay), Az, ..., Ay are mutually independent 7 systems. We iterate to get that X(A;)
are mutually independent. O

Example 7.7 (Pairwise Independent # Mutually Independent)

Take X1, X9, X3 € {0,1}, Pick (X1, X2, X3) uniformly from all triples (z1,x2,z3)
such that z1 + z2 + 23 = 0 (mod 2). Note that P(X; =1) = P(X; =0) =1/2. It
is clear that (X;, X;) are independent, but (X1, X2, X3) are not independent since
P((X1,X2,X3) = (1,1,1)) = 0 # (1/2)°.

4 N\
Theorem 12 (Kolmogorov's 0-1 Law)
Suppose X1, Xo,... are independent random variables. Consider
Tn=0(Xn, Xnt1,---),
and let
(this is known as a tail-sigma algebra). Then T is a p-trivial sigma algebra: for all
EeT, u(E)=0or1.
. J

Proof. Theideais E is independent of X1, ..., X,,_1, so F is independent of 0(X1), 0(X32), ...

Hence E is independent of (/"' o(X;), so E is independent of (>°, o(X;), so E is inde-
pendent of ¥(X1, Xa,...). But E€ T C ¥(Xy,...),s0o P(ENE)=P(E)P(E) = P(E),
so P(E)=0or 1.

Claim: If A;; for j = 1,...,m; such that A;; are all 7m-systems containing ) are
mutually independent, then 3(A;1, A2, ..., Aim,) are also mutually independent. To
prove this, let A; = {B1NBaN---N By, : Bj € Aj;}.

We know that ¥(X),... are independent 7 systems,so ¥(X1, ..., X,) and ¥(Xp41,...)
are independent. Hence E is independent of (;2; ¥(Xj;), so E is independent of T', which
gives the result. O

24
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\
Theorem 13 (Kolmogorov Extension)
Take (R™, B(R™), u,) a consistent family of measures on R™: for A € B(R")
fins1(A X R) = fin(A).
Then there exists a measure p on (RY, B(RY)) such that u agrees with s, on
R*xRxRx....
- J
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§8 September 22nd, 2020

Last time, we discussed product measures, independent random variables/sigma algebras,
and how to construct infinitely many independent random variables. We also proved the
0 — 1 law for tail-sigma algebras.

If we have (£2,%,P) and random variables X, Xo,..., T,, = X(X,,, Xp41,...) and
Too = (T, is a sigma algebra that is P-trivial.

Any event that does not depend on any finite set of X;’s is in the tail-sigma algebra.
For example, let Y = limsup X; and E = {Y < t}. Note that Y does not depend on
finitely many X;’s. Another example is S,, = Y 7" | ; and we define ¥ = limsup S—Tf

When does % have a limit?

§8.1 Law of Large Numbers

We have X1, Xo,... independent random variables. What is the asymptotic behavior of
Sn 9
o

Suppose X1, Xo, ... have E(X?) < C, E(X;X;) =0 and E(X;) = 0. Then,

S, S,
nﬂO@P<|n|>e>—>O.
n n

Proof. We first note Markov’s Inequality: Suppose X is a nonnegative random variable.
For any positive c,

E(X
P(X >¢) < ( )
c
Furthermore, note that
(591G =)
— > = — | >e€
n n
By Markov’s Inequality,
1
n\2 2 2
P((?) > € ) < nQEQE(Sn)7
and finally,
E(S:)* =E(X1+...X,)%) =Y EX]+) E(X;X;) <nC
* 1 c c
2 nvo
n262E(S”) = 2 ne 0
O
Corollary 8.1

If X1, Xo, ... are independent with the same distribution and F(X;) = u E(X?) = 02,

then
Sn P
— L.

Proof. Note that F(X;X;) = E(X;)E(X;) = 0 by Fubini’s theorem. Hence we apply the

previous theorem to X; = X; — pu. ]
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Fact 8.2. Chebyshev’s Inequality: For any RV X,

E(X?)

P(|X|>1t) < 2

Example 8.3 (Polynomial Approximation)
Task: Given f :[0,1] — R continuous, and € > 0, find a polynomial f,(z) such that

[fn(z) = f(2)] <e

for all z € [0, 1].
Let

o) = 7;) (2)ema—apmy (%),

We expect f,(x) =~ f(z) by the Binomial Theorem. Precisely,

jo-5(s(3)

where S, ~ Bin(n,z) with S, = > | X; for X; ~ Ber(x). It suffices to show that
S

2 .

n
By the Law of Large Numbers,

(

Since f is continuous on [0, 1], it is uniformly continuous, so that given ¢, there
exists e such that for all z,y with |x — y| <€, |f(z) — f(y)| < . If we let the event
above be A€, then,

Sn
— —x
n

>e)—>0.

E(f(Sn/n)) = E(f(Sn/n)1a) + E(f(Sn/n)14c)
P(A) + E(f(Sn/n) — f(x))1a) + E(f(Sn/n))1ac
P(A) +6P(A) + S f(z)P(A%) — f().

Note that

Var(Sy,) 1
PAY < ——2 < —
(49 = n?e2  ~ ne?
since Var(X;) <1 for X; € [0,1].
Hence, for any z € [0, 1], fn(z) — f(x) uniformly as n — co.

Now, our goal is to prove the law of Large Numbers without the second moment
assumption. Namely, for X, Xs,... iid with F|X;| < co, EX; =0,

Sn

P
S
n

Our strategy is truncation.

Definition 8.4. For any random variable X, we will consider the random variable from
X = X1jx)<m- Note that we have E(X7,) < oo for all M even if E(X?) = oc.
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4 N\
Theorem 14
Suppose that for each n there exists a constant b,, such that
n
> P(IXn,| > by) =0
i=1
and . —
E(X,,
S EE)
b2
i=1 n
Then . L
X, — E(X,,
Z N ( nz) N 0
; by,
=1
. 4
Proof. We first prove that
n
Xn, — E(Xy,)
Y = = =250
2T
=1
This follows from Chebyshev, since E(Y) = 0 and
n ~ 2
E(X,)
Var(Y) < Z T;
i=1 n
Then )" | P(| Xy, > bn|) — 0so if X, < bp, Xy, = Xy,
Let B={X,, # X,, :i€{l,...,n}}. Then
n
P(B) <) P(|Xp|>b,) =0,
i=1
so it follows that "
X, — E(X,,
Z nl b ( nl) _> 0'
i=1 "
O
~N
Lemma 8.5
Suppose X1, Xa,... are iid. Suppose that
KP(|X1| > K) — 0.
Then "
S X —nEGQUIX <n})
n
in measure.
4

Proof. Note that this does not imply F(X;) < co. Form a triangular sequence from the
X;’s and let b, = n. We show that ;" | P(|X;| >n) — 0 and > 1", E(YZQ) — 0.
For 2, it suffices to show
E(X;)/n — 0.
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Note that | X;| = | X;|1{|X;| < n}. Suppose X is a non-negative random variable. Note
that

E(X)~ iP(X > n).
n=1

Similarly,
E(X?*)~ ) nP(X >n).

n=1
Then .
EX)~ Y KP(X; > K).
K=1
It suffices to show that

T kP(|X k
Si RPIX| > E)

n

0,

which follows from the fact that kP (] X1| > k) — 0. O

Theorem 15 (Law of Large Numbers)
If X1, Xo,... iid and E(]X1|) < oo and E(X;) =0, then S,,/n — 0 in measure.

Proof. Note that kP(|X1| > k) < E(|X1]|1{|X1| > k}) — 0, by the dominated conver-
gence theorem. By the lemma,

S R
— — E(X7) =0,
n
and note that E(X;) — F(X;) = 0 by the dominated convergence theorem. O
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8§89 September 24th, 2020

§9.1 Law of Large Numbers, continued
Last time, we began discussing the Law of large numbers. Recall:
e Markov’s Inequality:

P(X| > o) < ZUXD.

With X1, Xo, ... iid, F(X;) = 0. When E(X?) < ¢,

Sn/nio.

Under 1st Moment condition, we used truncation to make thinks bounded and have
second moments. We discussed triangular arrays and saw a theorem which proves
a LLN type of statement for truncated variables.

We showed that the truncation has no limiting effect. Then, we considered

ZXi1IX¢I<n/" — 0,

which implied the law of large numbers.

Example 9.1

Let X7, Xo,... be iid with X; > 0. Suppose F(X;) = co. Then
Z?:l Xi —2
==t

Let Y; ~ X;1jx,<p- Then S} /nd 70" Yi/n — E(Y;) by the weak law of large
numbers. But by nonnegativity, S,,/n > S}, /n — E(Y;), but E(Y;) can be made
arbitrarily large by choosing M very large.

For any c,
Sn
Pl—>c|—1,
n

s0 Sy /n — 0.
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Example 9.2
Let X = 2! with probability 1/2¢ for i > 1. Note E(X) = cc.

Let X1, Xo,... beiid X. What is the growth rate of S,,7 One expects to see some
X;’s take value comparable to n since P(X; =n) = %

We will control the growth with truncation. Let «,, = logn + k(n), b, = 2%". We
need to show that

> P(Xi > by) =0,
i=1

and . ,
>ic1 E(X1x<h,) 0
by
Note that ) ,
P XZ bn ~ — = —r
( ~ ) bn n2k(n)
SO )
Then,
(m oM@
E(Xi21X¢<bn) ~ Z 22’/2Z = Z 98 g 00 — p .
i=1 i=1
Then,
> i1 BE(XP1x,<b,) LN S
by B2 2kn)
Therefore,
n 1D Yz

Note that E(X;) = a(n), so

Sp —n(logn + k(n))
n2kn)

If we choose log log n, then

Sp — n(logn + loglogn)

— 0,

nlogn

SO

Sh,
nlogn

— 1= 5, =0O(nlogn).

§9.2 Almost Sure Convergence

Let X1, Xo,... iid, E(X;) =0, E(X?) < C.
We know that g
2n Ly,

but do we have

3

n
S
— =0,
n

almost surely?

31



Vishal Raman (December 1, 2020) Math 218a

\
Lemma 9.3 (Borel-Cantelli)

If events E; satisfy > .o, P(E;) < oo, then P(E; infinitely often) = 0.
- J

Example 9.4
Let € > 0. We want

P <'Sn’ > e,z’.o.) =0.
n

In order to apply BC, we have to show

>r(

Su
n

>€><OO,

but .

(s

n

We try to get around this by assuming a higher moment. Suppose E(X?%) < co.
Then,

1
>€>%2—>OO.
€“N

E(Sy) _ E((C, XY _ nEX]) +n?E(X?XE) 1

~
= ~

n4 ni ni n?

p(s

which gives that

>€><OO.

Can one use naive Markov to show a subsequence converges?
If we let K(n) =n?,

(i

Sk n 1
P(|k((n))| >~ —
so we can take the infinite sum and it approaches 0.
Define
D(n) = sup |Si — Sk(m) |-

k(n)<i<k(n+1)
It suffices to show that

We know that

s 1Si — Sk(n)
P(IDn/k(n)]| > €) < > P(——= " >¢),

i=k(n)
by subadditivity. By Chebyshev,

kE(n+1) .
|Si — Skim)| i—k(n k(n+1) —k(n))?
ZP<k(n;€()>6>< 2(S(( ) —k(n))” _

i=k(n)

SO kl();;) — 0 almost surely by BC.
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§10 September 29th, 2020

Recall from last time:
o Weak law of Large Numbers, using triangular arrays and truncation,
e The Borel-Cantelli Lemma,

e The Strong Law of Large Numbers, assuming 4th moments with Markov, and
assuming 2nd moments, we proved convergence along a subsequence and controlled
oscillations.

Fact 10.1. X,, — X in probability if and only if for any sequence of X,,, there exists a
subsequence which converges almost surely.

Today, we will prove the most general version of SLLN, under the first moment assumption.

§10.1 General Law of Large Numbers

Let Eq, Eo, ... be pairwise independent events, where p; = P(E;). Assume that > P; —

oo. We have S,, = Z;":l 1g,, and we would like to consider % We claim that
Sn/E(Sp) — 1,

almost surely.

Proof. Let a, = {|Sy, — E(Sy)| > €E(Sy,)}. We want to bound P(a,). It suffices to prove
that for any € > 0, Y a,, < 00, by the Borel-Cantelli lemma.
Note that

P(IS, — B(S)| > eB(5,)) < YE({‘;;)

and

Var(S, Z Var(1g,) Z pi(1—p;) <

Hence, Var(S,) < E(S,) and
E(S,) 1 1
2 E(Sn)

= BB(S,))? .
Denote E(Sy) = gn. Let k(n) be the least element such that gi(,) > n?.
We have that

Skn)/ Iy = 1,

almost surely, by applying Borel-Cantelli. It suffices to control the error between the
subsequence.
Let k(n) <m < k(n+1). We would like to show that

S/ gm — 1.

But notice that Sy () < S < Sg(m41) since indicator functions are nonnegative. So,

_ Sk(n+1) Gk(nt1) Sk(n+1) (n+1)2
Ik(n+1) Gk(n) gk(n+1) n?

Skn)/ Irnt+1) < Sm/gm < Sk(n+1)/ Ik(n) — 1.

We can have a similarly bound for the bottom term, and the result follows from the
squeeze theorem. O
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4 N
Theorem 16 (Strong Law of Large Numbers)
Let X1, Xo,... beiid and E|X;| < oo, E(X;) = 0. Then
Sp/n — 0
almost surely.
. J

Proof. We will prove convergence of S, /n and S, /n, where S, = >"" | X© and similarly
for the negative. Hence, we can assume without loss of generality that X; > 0. We start
by applying truncation: X, = Xilix,|<i- B

It suffices to prove S, /n — 0 almost surely. This follows from the fact that X; = X;
for large enough i almost surely, since Y P(X; # X;) =Y ooy P(X; > i) = E(X;) < o0.

By Markov, B B
n E n
()
n

This will not necessarily be summable over all n, so we choose a subsequence. We will
choose k(n) = a™ for a fixed o > 1.
We need to show that ) Var(Sieu))/k(n )2 < 0o. Note that

Var(Sym) /k(n)? <> EX;?/k(n)?

=1
and 4
1
EX® =Y jP(X > j).
=1

We can hence rewrite our expression as

~ E(X),

N S P > ) e JP(X > )

; o S e (O Z]P (X > )=

and we have that F(X) < oco.
Hence

almost surely.
Then, E(Sym))/k(n) = E(z) since E(X;) = E(X) by DCT, so Syn)/k(n) = E(X)

almost surely. Slnce X; > 0, we have
Skn) < Sm < Sk(nt1)s

and we can apply the squeezing argument from before but within bounds of 1/«, a. It
suffices to choose any a > 1, so choosing « arbitrarily close to 1 gives that limsup and
liminf are both equal to E(X).
Hence, S,,/m — E(X) almost surely, and by BC we have that
Sm

when X > 0 almost surely. The full theorem comes from splitting S,, = S;> —S,.. [
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Corollary 10.2
If X; iid with E(X;) = co then S,,/n — oc.

Proof. Take X" = X;1(X; < m). E(X]") < oo and ST"m — E(X") and S, /n > S;"/n
for all n, m so choosing large enough m gives the result. O

§10.2 Second Proof of SLLN

We will use the following;:

\
Theorem 17 (Kolmogorov's Maximal Inequality)
Let X1, Xa,... be independent with E(X?) < oo, E(X;) = 0.
Var(Sy)
P S €
(?22(‘ Bl >€) < —s
. J

Proof. Let A, = {maxy<, |Sk| > €}/ Suppose T}, is the event that k is the smallest index
such that |Si| > e. Then,

A= Th.
k=1
E(S}) > E(Si1a,) = E(S2) 17,
k=1

= E((Sk + (Sn — S1)*17)
= E(Silz,) + E((Sn — Sk)*11,) + E(Sk(Sn — Sk)17,)-

The last term is 0 since Sy and 17, are measurable functions with respect to {X1,..., X},
but S, — Sk = >"_;,; X; is measurable with respect to {Xp41..., Xy}
Hence,
B(S213,) > E(SPly,) > EP(T)),

since |Sg| > € on T}, which gives

Var(sS,
P(A,) < ‘”;g n)
by the union bound. O
Theorem 18
Suppose X1, ... are independent mean 0 random variables. If Y >°, Var(X;) < oo,

then > 7" | X; converges almost surely.
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§11 October 1st, 2020

Last time:
e We covered the SLLN using an exponentially growing convergent subsequence.

e Kolmogorov’s Maximal Inequality: Let X7, X,... be independent with F(X?) <

o0, B(X;)=0.
P(I£22(|Sk| >¢) < VGZgSn).
§11.1 Another Proof of SLLN, continued
Theorem 19
Suppose X1, ... are independent mean 0 random variables. If >~ Var(X;) < oo,

then > | X; converges almost surely.

Proof. We would like to show that Si,S,... converges. It suffices to show that (.5;) is
almost surely Cauchy. Given any e > 0, there exists ng such that for all ny,ne > ng
|Sn, — S| < €.
Then,
P( sup |Sk — Sy |>6> =¢ 22‘/@7" Xk).

n<k<m k—n

Hence,

(sup\Sk—S | >€> =€ 2ZVar Xk),

k=n
where we take the limit m — oo and use continuity from below. Denote A, =
{sup, <k |Sk — Sn| > €}. If we let By, = {supg, k,>n [Sk; — Sk,| < 2¢}, then P(B,) >
1 — P(A,). Note that B, increases and P(|JB,) > 1 —lim P(A,) = 1, and since ¢
is arbitrary, taking the intersection over ¢ = 1/m implies that Sy is Cauchy almost
surely. O

Theorem 20

Suppose X; are iid with E|X;| < co, E(X;) =0. Then > ;_, % converges almost
surely.

Proof. Let X, = X k1 x,|<k- We first show that 3" X} /k converges almost surely, and

Xy and X}, at finitely many points(by BC), which gives the desired result.
It suffices to show that

va Xi) /K2 = ZE ) /K2 < oc.

Then
k

o0
= iP(|Xi > i) <) iP(IXy| > ).

i=1 =1
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Hence,
Y B(Xy)/k < Zzpqxl >i)y - — i Z (1X1 > i)~ = B|X)| < oo.
k=1 i=1 k=1 i=1
O
Lemma 11.1 (Kronecker's Lemma)
Suppose a,, T 0o and y; are real numbers such that >, yx/ar converges. Then
> req Yk/an — 0.
Proof. Note that >}, yx/ar = b, with b, — b. Then, yy = (by, — bx—1)aj. Then
a," Y yp=ay" Y (b — br—1)ax
i=1 k=1
n—1
—=a;t (anbn + Z br(ax, — akl))
k=1
b, *Zbk (ak—ak 1)
Hence, ZZ:% by, (%) — b and b, — b, so the difference converges to 0. O

This implies SLLN, since ) X /k converges almost surely. We claimed that this was
quantitative.

Example 11.2 (Tighter Bound)

Suppose X1, Xa,... are iid and E(X; = 0), F(X?) < c. We have already proved
that Y. ; X;/n — 0 almost surely. We can also show that

Z?:l Xi

\/ﬁ]og n1/2+e —0

almost surely, for any € > 0.

Proof. Let ay, = Vklogk'/2¢. Tt suffices to show the convergence of
S

= o

Note that

0o
;V(LT‘ Xk/ak %;klogk T12¢ < o0.
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Example 11.3
Let X7, Xo,... beiid with EX; = 0. Assume that E|X;|P < oo for some p € (1,2).
Then S,,/n'/P — 0.

Proof. Let Y, = Xkl‘XkKkl/p. Note that
o0 o
> P(Yi # Xi) =Y P(IXilP > k) < E|X1[P < 0.
k=1 k=1
We then show the convergence of
Y, — EY}
Z kl/p :
It suffices to show that S°7° , Var(Yy)/k*/P < co. Then

> Var(Yy)/EP <> EVZ /K,

k=1 k=1
where m = k(l)/p. Then, EY? = Zﬁlpl m2P(z € [m, m+ 1]), so this is approximately
— 1 - 1
~ 2
Zm (x € [m,m+1]) Z o Zm P(x e [m’m+1])k2/p71’
k=ko m=1 0

and kg/ Pl 2 , S0 this simplifies to

o
> mPP(x € [m,m+1]) ~ E|XP < co.

m=1
Finally E(Yy) = —E(X1|x, |551/») and
E(X L spire) = KYPE(X/EP) L x5 p00m) < EYPE(IX/RYPPL s g/0)-

This can be written as
EVPTLE( X P15 51/0) — 0,

SO
n
1> EYi| < Zkl/p_lbk ~_, nMPb, — 0.
k=1
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4 N\
Lemma 11.4 (Glivenko-Cantelli)
Consider a X1, Xo,... iid for some distribution F'. Define
1 n
Fo(y) = n Z Lx;<y-
i=1
Then, almost surely,
sup | F(y) — F(y)| 2= 0.
y
. J

Proof. The uniformity follows because F' and F),, are monotone.
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§12 October 6th, 2020

§12.1 Convergence of Distributions

4 N\
Lemma 12.1 (Glivenko-Cantelli)
Consider a X1, X, ... iid for some distribution F'. Define
1 n
Fuly) =~ Z Lx,<y-
=1
Then, almost surely,
sup | F(y) — F(y)| == 0.
y
. J

Proof. Note that F;, is monotonically increasing from 0 to 1. We divide the real line into
intervals depending on F' as follows: Fix € > 0. Say Zy = —o0, Z; = inf{y : F(y) > €€},
and Z, = inf{y : F(y) > ne}. We eventually have a sequence of random variables {Z,}.
We also define 7/ = oo.

For any 4, sup | F),(z)— F(x)| is small for all x € [Z;, Z;1+1). Note that F(Z;41)—F(Z;) <
e. Then, we apply SLLN: We let w; = 1(X; < Z;) and wj; = 1(X; < Zi41). Then
E(w;) = F(Z;) and E(w}) = F(Z;41). Then we use SLLN to show that the end points
are uniformly close and we sandwich the limit inside [Z;, Z;11). O

Definition 12.2. Let F,,, F' be distribution functions. We say F;, — F in the sense of
distributions in F,(x) — F'(x) such that F' is continuous at x.

Example 12.3

Let F), be the distribution induced by the point mass at 1/n. We see that F,,(0) = 0,
which does not converge to F'(0), which is 1.

Example 12.4

Suppose X; areiid Ber(£1). Let S, = Y . ; X; and consider % — Standard Gaussian

Take any random variable with distribution F'. Let X,, = X + %, then X,, — X in
distribution. For any continuity point z of F, F,,(2) = F(z) and F,(z) = F(z — ),
sofroall X, <Z X <z-— % which implies that

P(X,<2)=P(X<z-1/n)=F(z—1/n).

We investigate the relationship between notions of convergence. If X,, — X in
probability, does X,, — X in distribution? Yes.
If X,, — X in probability, P(|X,, — X| > ¢) — 0. Note that

P(Xn < 2) < P(X < 246 + P(I X0 — X| > 0),

so limsup P(X,, <z2) < P(X <z+4¢€) < P(X <2z).
Then
P(X,<z2)>Plx<z—¢)—P(|X, - X|>e),

so liminf P(X, <Z)>P(X <z—¢€)>P(X <z—),s0 P(X,, <z2)=P(X <2).
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The converse does not make sense. One example that fails where X,, — X in
distribution but X, /4 X where X = Ber(x1l) and X;, Xs,... are all —X. Then
X;~ X, but X; — X =-2X.

Theorem 21 (Skorokhod Representation)

If F,, — F in distribution, then there exists a probability space (€2, X, P) and random
variables X, X defined on €2 such that X,, ~ F, and X,, — X almost surely.

Proof. We did some similar when given a distribution F', we constructed a random
variable with distribution F. We work in the uniform space ([0, 1], B, P). Then X,, =
F Y w) =sup{y : F(y) <w} and X (w) = F~}(w) = sup{y : F(y) < w}. It suffices to
show that F; }(w) — F~1(w).

Define F/"1(w) = inf{z : F,(2) > w} and similarly F/7!. Let A = {w : F}(w) <
F'~1(w)}. We showed in homework that A is countable. We now prove that X,, — X
in A°. Suppose that F, }(w) — 2. Let u < z < v where u,v are continuity points and
F(u) <w—¢€, F(v) > w+ €. These can be chosen because the set of discontinuities of
a function is countable. For all large n, F,,(u) < w — €/2 and F,,(v) > w + €/2 because

F,, — F at all continuity points. Then F;!(w) > u and F,!(w) < v, hence

limsup |F, Y (w) — 2| < u —v.
n

But u, v were arbitrary continuity points, so

limsup |F, H(w) — 2| = 0.
n

O]

Fact 12.5. X,, — X in distribution if and only if for any bounded continuous function
9, E(9(Xn)) = E(9(X)).

Proof. If X,, — X in distribution, then we have Y, — Y with Y, ~ X,,, Y ~ X so
g(Y,) has the same distribution as ¢g(X,). Thus E(g(Y,)) = E(9(X,)). Then, g is
continuous so ¢(Y;,) — ¢(Y) almost surely since Y;, — Y almost surely, and ¢ is bounded
s0 E(g(Xn)) = E(g(Ya)) — E(9(Y)) = E(g(X)).

For the other direction, if E(g(X,)) — E(g(z)) for all bounded continuous functions g,
we choose a mollified indicator function. Then E(g(X,,)) > P(X, < z) and E(g9(X,)) —
E(g(X)) < P(x < z+¢). Hence,

limsup P(X,, < z2) < P(z < z+¢).

Similarly,

liminf P(X,, <z2) > P(X <z —¢),
which gives that P(X, < z) — P(X < z) by using the fact that z is a continuity
point. ]

This gives an alternate definition of convergence in distribution.
For any topological space and a sequence of measures p, and g on €2, we can say
fn — i in distribution if for all bounded continuous g : @ = R, £, g — E,g.

41



Vishal Raman (December 1, 2020) Math 218a

Theorem 22 (Continuous Mapping Theorem)

Suppose X, — X and g : R — R is a measurable function such that C, is a set of
continuity points of g such that P(X € C,) = 1, then g(X,) — ¢(X) in distribution.

Proof. Note that the set of continuity points for a measurable function g, C is measurable.
O
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§13 October 8th, 2020

Last time,
e We defined distributional convergence.
e We proved the Skorokhod Representation Theorem.

o We showed an equivalent notion of distributional convergence, namely for bounded
continuous functions g, F(g(x,)) — E(g(z)) implies x,, — x in distribution.

§13.1 Weak Convergence

Theorem 23 (Continuous Mapping Theorem)

Suppose X, = X and g : R — R is a measurable function such that C, is a set of
continuity points of g such that P(X € Cy) =1, then g(X,,) — ¢g(X) in distribution.

Proof. We claimed that Cj, the set of continuity points is measurable. We know that
X, — X in distribution, so there exists Y;, — Y almost surely with X,, ~Y,,, X ~ Y.
Then g(X,) ~ ¢g(Y,) and g(X) ~ ¢g(Y). Then Y € Cy almost surely because X ~ Y.
Therefore, g(Y,) — ¢g(Y') almost surely, which implies distributional convergence. O

§13.2 Portmanteau’s Lemma

We show many equivalent conditions for distributional convergence.
1. F, % F
2. For any open U, liminf P,(U) > P(u).
3. For any closed V, limsup P, (V) < P, (V).
4. For any A such that P(9A) = 0(0A = A\ A°), we have P,(A) — P(A).

Proof. We first show 1 implies 2. Let Y,, ~ F,,, Y ~ F with Y,, — Y almost surely. Let
F,=1Y,€U), f=1Y €U). Then P(Y,, € U) = P,(U). Finally,

liminf f, > f.
n—oo

This is because f(w) = 1 if Y(w) € U and 0 otherwise. Pick w such that f(w) = 1.
Then Y (w) € U and Y, (w) — Y (w) and U is open, we know that for large n, Y, (w) € U.
Hence, f,(w) =1 for large n, so liminf f,, = 1.

Finally, by Fatou’s Lemma,

lim inf P, (U) > /liminffn > /f:P(U).

2 implies 3 is easy. We take V¢, then P,(V) = 1 — P,(V°) and limsup P,(V) =
1 —liminf P, (V°).
We show 3 implies 4. Note that A = AU A and P(A) = P(A). Then A° = A\ 04

and P(A°) = P(A). By 2, liminf P,(A°) > P(A) and limsup P,(A) < P(A) and
P,(A°) < P,(A) < P,(A). Therefore, P,(A) — P(A).
Finall 4 implies 1. If P,,(A) — P(A) for P(0A) = 0, then choose A = ( x] for a

continuity point z. Then P({z}) = 0, so we get F,,(z) = P,,(A) = P(A) = F(x). O
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§13.3 Helly’s Selection Theorem

Theorem 24

Given a sequence of distributions F1, Fy, ..., there exists a subsequence ni,no, ...
and a right continuous non-decreasing function F' so that F,, () — F(z) for all
continuity points.

Note that F' may not be a distribution since F'(00) — F'(—o0) # 1. For example, take
Fo(x) = 13>p. Then F,(z) =0 for n > x so F,, — 0, which is not a distribution.

Proof. We want Fy, (x) — F(z). If we fix z, 0 < F,,(z) < 1 so we can pick a subsequence
so that Fj,, () — a from the compactness of [0, 1]. We first ensure convergence for the

rationals. Let {¢,} be an enumeration of the rationals. Iteratively choose subsequences
n} such that {n}} is a subsequence of {n} '} and F,(L,C gi) converges.

Hence, F’”Z (q) converges for all ¢ € Q. We will call this {n*} for convenience. Let the
limit be limg_,o F,x = G(q).

Then, define F(x) = inf,~, G(q). We show F,, (x) — F(z) for all z with F' continuous
at . Pick ¢1,¢2,93 € @ so that ¢ > © > g2 > ¢3. Then F, (z) < F,,(q1) so
limsup fy, (z) < G(q1) so limsup F,, () < F(x).

Since x is a continuity point, there exists g3 close to x so that F'(q3) > F(x) — €, but
F(g3) = infg>q, G(q), so there exists g2 with g3 < g2 < x so that G(q2) > F(q3) + €
so G(q2) > F(x) — 2e. But F,,, (z) > Fy, (g2) so liminf F,,, (z) > G(q2) > F(x) — 2€ so
liminf F), (z) > F(x). O

When does the limit preserve mass?
Definition 13.1. Given € > 0, {F},} is tight if there exists M, so that F,, in the sequence
F,(M.)— F,(—M,) >1—e.
Tightness is a necessary and sufficient condition for preserving mass.

Proof. We have F),, — F for continuity points. We show F' has mass 1. We can assume
M., — M, are continuity points. Then

Fpo, (M) — F,, (—M,) — F(M,) — F(=M,) > 1 —e.
0

If a sequence is not tight, then there exists subsequential limits with mass less then 1.

§13.4 Fourier Transforms

Let X be a random variable with distribution F. For any ¢, define ¢(t) = E(e%®).
We have some properties:

e $(0)=1.
o o(t) = p(—t).
o [p(t) < 1.
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Proof. We use Jensen’s Inequality: For a convex function ¢(x1,z2,...,x,) with
E|¢| < 00, E|X;| < oo for all 4, then E(¢) > ¢(EX1, EXo,...).

Take (z,y) — (22 4 3?)"/2. Then
6(t)] < Ele™| = 1.

e ¢ is uniformly continuous.

(@t +h) = d(1)] < |E(H — )| < Bl (e — 1)] = Bl — 1] -0,

by the Bounded Convergence Theorem.
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§14 October 13, 2020

§14.1 Fourier Transforms, Continued

Recall ¢(t) = E(e'®). The broad goal is to study distributional convergence using the
characteristic functions.

§14.2 Differentiability of Characters

When is ¢(t) differentiable? If ¢ is differentiable at ¢, then ¢'(t) = E(ize’®), so
¢'(0) = E(iz). For this to make sense, we might need F|X| < occ.

Theorem 25
If F|X| < oo, then ¢ is continuously differentiable.

Proof.

It suffices to show that

GitHh)X _ itX i |
E|————— —ixeé™ | = BliXe™ (—— — 1
iXe ((Xe™ (— <~ — 1))

h inX
. 1
-F (z’Xe”X <Ueh _ 1))

< E(liXe™™ | sup [e™X —1]) = 0
u<h

by DCT, since the argument is at most 2| X|.
Then, ¢’ is continuous since

¢ (t+h) — ¢ (t) = E(ize’ W20y = B(ize™ [ — 1)) — 0
by DCT. O

Similarly if E|X|* < oo, then ¢(t) € C*. The proof follows straightforwardly by induction
on the moment.

Lemma 14.1
If ¢ is twice-differentiable, then F(X?) < oo.
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Proof. Note that
2¢(0) = ¢(h) = d(=h) nso
2

—¢"(0).
But this quantity is exactly

2 — 2B (cos(h .

i)
since ¢(h) = E(cos(hx) + isin(hz)) and ¢(—h) = E(cos(hz) — isin(hz)).

Finally, cos(z) =1 — %, so we fr(X) — X2, fr(X) >0 and E(fy(x)) — ¢"(0)(where

frn(X) is the term inside the expectation). It follows that E(X?) < lim E(f,(X)) =

—¢"(0). Furthermore, ¢”(0) = E(—X?). O

§14.3 Fourier Inversion Formula

Let X ~ p and ¢(t) = E(e'™®). Let F be the distribution induced by u. We would like
to approximate F'(b) — F'(a).

We consider
T b ) T efiat _ efbt
/ / e~ (¢ dudt — / e L.
-1 Ja -7 it
Then

/T e—tat _ e bt / eitxdu _ / /T eit(z—a) _ eit(xz—b) _ 2/ /T sin(t(z — a)) — sin(t(z — b))dt
-7 it R RJ-T it R Jo t

Hence, we have
2/ du/ sin(t(z — a)) — sin(t(x — b))dt.
R oT t

/OT sin(xHa:)

is bounded as T" — oo and converges to §sgn(f). It follows that the integral converges to
mu({a}) + mu({b}) + 2mu(a,b). Dividing by 27 throughout, gives

(fa} U {bh)
2

Then, for any =z,

u(a,b) + 2

Lemma 14.2

If Fy, Fy are two distributions with ¢;(¢) = ¢2(t), where ¢; and ¢y are the charac-
teristics functions, then Fy = F.

Proof. Consider the set A = {x : pu1(x), p2(x) > 0}, which is countable. For all a,b, € A,
w1 (la, b)) = pa([a,b]). Then, send a — —oo to show Fy(b) = Fy(b) for all b € A¢, but A°¢

is dense so F; = F5 everywhere by right-continuity. O
4 N
Theorem 26
If ¢(t) is integrable, then F' has a density: F[a,b] = f; fdx for all a,b.
Namely,
1 .
f@) = 5= [ ot
2 R
. J
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Proof. We first show there are no atoms, u(x) = 0 for all . Then for a < z < b

() < /w(t)rb—a\ 0.

Finally,
b
[ 5m [ ott) = uta.b) = ulab

It is easy to show that f is real valued.

flw) = [ 50 = [ ot = [ ot~ 1.
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§15 October 15th, 2020

Recall

e Moments of a Random Variable implies smoothness of the characteristic functions
In particular, the existence of the k-th moment implies that ¢*) exists and is
continuous.

e The Inversion Formula:
1 r b —itu T—o0 1
o | [ ot T Juttabh + e,
™ J_17Ja 2

o If ¢(t) is integrable, then a density exists - namely

f@) =5 [ e o).

:% -

This implies that fab f = pla,b]. We can also show that f is continuous since
|f(t+h)— f(h)] = 0 uniformly by the dominated convergence theorem.

§15.1 Characteristic Functions

Proposition 15.1
If X,Y are independent random variables, ¢x 1y (t) = ¢x (t)py (t).

Proof.
E(eit(X—i-Y)) _ E(eitXeitY) _ E(eitX)E<eitY)_

Proposition 15.2

Proof. Note that

\¢<t> B (Z “fii?m)

m=0

< Emin(2|z|"/n!, |z|"T1/(n + 1)1).

This follows from the fact that

T xn—l—l i )
/ e(x —s)"ds = + /e“(a: — 5)"ds.
0

n+1l n+1
Putting n = 0 gives
e’ = 1+ix+i2/eis(aj—s).
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It follows by induction that

] n (i \m n+l  pr
e — (iz) ! / e (x — s)"dx.
= m! n! Jo
Finally,
Z'n+1 T T | xn+1
S — §\dx| < — 5\ /n! = )
n!/Oe(a: s)x_/o(ac s)"/n CE]
Then
B e (x —5)" = i(e"s/i)(ac — )"+ /I ne’ fi(z — s)" 1)
n! 0 N n! 0 0
. 1 . n . r is n—1
= n!(m zn/o e’(x—s)"7)
_ ; (l’ _ S)n—l(l _ eiS)
(-1
< 2z"/nl.
It follows that |¢(t) — > E(itX)™/m!| < Emin(2(tX)"/n!, (tz)"*1/(n 4+ 1)) O

§15.2 Weak Convergence

Theorem 27

For F,, distributions with ¢,(t), F, converge in distribution if and only if ¢, —
¢(where ¢ is continuous at 0).

Remark: Consider N(0,1). Then ¢(t) = e *°/2. It’s easy to prove that ¢/(t) =
E(ize®™) = —t¢(t), using integration by parts to simplify the right side with ¢(0) = 1.
If X ~ N(0,1) 6 X ~ N(0,02) so ¢(t) = e X*/2. Then ¢, — dy. But F,(z) — 3 for
all z. We will see that continuity at 0 gives the tightness condition.

Proof. We prove the forward direction. F;, — F' in distribution implies that E(g(X,)) —
E(g(X)) for bounded continuous functions. The result follows since €** is a bounded
continuous function.

We prove the converse. We first show that {F,,} is a tight sequence. Note that

/(l—em):Qu—/ (costx + isintx)dt = 2u — SIUT
x
—Uu —Uu

Then u .
1 (1_eitx):1_smux.
2u J_, UL
Then |sinz| < |z|, so
1 [ sinux
— | Q=)= [1— d
5o | =ou) = [1- T,
1
> 2 rin(la] > 2/u)
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for some choice of u from the continuity of ¢ at 0.

Since € is arbitrary, it follows that u, is tight. Now we show that F;, converges to F in
distribution. Note that any subsequence has a convergent subsequence which converges
to a distribution. Then the subsequences converge to ¢,, = ¢r, and ¢, — ¢ so ¢pr = ¢.
Hence, every subsequence has a convergence converges to the same F' by the uniqueness
of characteristic functions. Then F,(x) — F(z) for all continuity points = of F' and
it follows that for F,(x), and subsequence admits a further subsequence converging to
F(z). Hence F,,(x) — F(z), since otherwise one can extract a subsequence such that
|Fy, (z) — F(x)| > ¢ for all 7. O
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§16 October 20th, 2020

§16.1 Basic Central Limit Theorem

Under natural conditions, we will prove that

4 N(0,02).

S

Example 16.1

Let X; = £1 with probability 1/2. We can analyze binomial coefficients to prove a
central limit theorem.

e N
Theorem 28
Let X; be iid E(X;) =0, E(X?) = 1. Then
Sn d
—= 0,1
o5 o N0
. J

Proof. Recall that ¢, (t)e~*"/2. Hence, we show that bs,/ym(t) = e /2,
Then

G5, vm(t) = ¢s,(t/v/n).
Then S, = >_ X iid, so
s, (t/v/n)) = (6x,(t/vn))".
Then

6x,(t/Vn) — B (ite/v/n)™ fml] < E(min{(ite/n)?, (itz/v/n)*}).
m=0

Then, the expectation simplifies to 1 — t2/2n since E(X1) = 0, E(X}) =
Then,

E = E(min{(itz/v/n)?, (itz/v/n)*}) = o(t*/n),
or % — 0 as t2/n — 0. This is because

E = iE(min(X2, t/v/nX?®))

t2 /n—0
/5

0,

by DCT.
Hence,

¢x, (t/vn)" = (1= /20 + o(t* /n))".
We show that
(1—2/2n+ o(t%/n))" — e ¥'/2,

More generally, we show that if ¢, — ¢, then (1 + ¢,/n)" — €.
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~
Lemma 16.2
Suppose we have complex numbers z1, 22, . .., 2n, W1, Wa, . . ., W, With |z;]|w;| < 0.
Then
n n
= Hwi < 0“712’21‘ — wj|.
i=1 i=1
. J
Proof. We use telescoping.
n n—1
H Zi — H w; = H Zi — H ZiWn + prod?;llziwn H ZiWn—1Wy, + le
i=1 i=1
Then, using the triangle inequality and summing the bound gives that
’ Hzl - sz] S (9”_1 Z |Zz — ’U)Z'|.
O

We first bound
(14 cp/n)" —e|.

The whole thing is the same as |(1+ ¢, /n)" — (e*/™)"|. Note that e* > 1 + z for real z
and |e* — (14 )| < |x|? for complex z.
Note that 1 + |c,/n| < eln/" = 6, so the error is bounded by

and it follows that (1 + ¢,/n)" — €. O

§16.2 Lindeberg-Feller CLT

[
Theorem 29 (Lindeberg-Feller)

We prove CLT for a triangular array of random variables. Consider

X1
Xo1, Xoo

anan%- o 0 aXnn

independent. We suppose that EX,,; =0, > " | EX2 — land Y. | E(X2,, 1(| Xns| >
€)) — 0 for all e > 0.

Let S, =" ; Xpni. We show that S, 4, N(0,1).
. 4

Example 16.3

For the previous example, we had X1, Xs,... and S,, = Z?:l X;. We take X,,; =
X;/v/n. We know that EX,,; =0 and E(X2%) =1 s0o > EXZ =
Then

ZE (X2,1(|X0i| > €)) = nE(X2,1(| Xi| > €)) = E(X?1|X1| > ev/n) = 0
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Proof. Note that ¢g, (t) = [[ ¢x,,(t). Let EX2, = 02,. We have that > 02, = 1. We
want to show that ¢g, (t) — e~t"/2.
Note that

|6, (1) — (1 — 07it*/2)| < E(min(* X7, £°X7;))

<FE
< BE(X21 X > €]) + E(3 X211 Xni| < €])
< B(PX21|X0i| > €) + et B(X21| X | < e).
If we sum the left and take limits, we have
" 3 n—00,e—0
D EBu <04 et® 250,
i=1

Now, from the previous lemma, note that |¢,;(t)| < 1. We also have |1 — 02,#2/2| <1,
since sup ‘77211‘ — 0. This is because

oni = EXp = B(X7 || Xnil <€) + E(X7||Xnil > €) = 0.
Hence,
T 6w - TT0 ~ o2t2/2)] —o.
Finally,

log (TT(1 = 02:t2/2)) = Y log(1 = o2t/2) = = > " a2t2/2 > ~12/2,

SO )
?s,, (t) — et /2,

§16.3 Kolmogorov Three-Series Theorem

~
Theorem 30 (Kolmogorov Three-Series)

Let Xi,...,X;,... be independent and )" | converges almost surely. The above
and the following are equivalent. For A > 0,

1. 32, P(|1X;]| > A) < 0.
2. Where X; = X;1(|X;| < 4), >, EX; converges.

3. Y2, Var(X;) < oo.
. J

Proof. We first prove the converse. It suffices to show that > X; converges almost surely,
since Y X; converges is equivalent to > X; converging by BC.

By the Kolmogorov Maximal Inequality, Y Var < co implies converges of centered
independent random variables, so Y. X; — E(X;) converges and Y F(X;) converges by
assumption, so Y X; converges.

Now,we prove the forward direction. The first condition is easy since by BC, | X;| < A
eventually, so > P(|X;| > A) < co. We now prove Y. Var(X;) < co. Suppose not:
let ¢, = > 1" Var(X;). Then ¢, — co. Define X,; = XizEXi  Note that EX,; = 0,

VCn
Yo EX, = 1. Finally, for € > 0,

N E(Xn 1| Xuil > €) = 0,
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since X,,; > € implies that X; — EX; > €y/cn. By Lin-Fell CLT,

Xi — EX;

But by hypothesis, >° X; converges almost surely, so

S X 0

which is a contradiction.
Hence, Y Var(X;) < co. By KMIL, Y X; — EX; converges, so Y EX; converges, giving
2. O
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§17 October 22nd, 2020
§17.1 CLT with Unbounded Variance

Let X1, X5,... by iid symmetric random variables, and P(|X;| > ) = % for all # > 1.
Then

E(X?) = /sz(yX\ >n) = /2/:5 = oo0.

We will handle this by using truncation, applying BC, and using CLT for truncated
variables. We want to truncate at the smallest possible level so that BC can still be
applied.

Define X" = X;1(|X;| < y/nloglogn) for i < n. Then,

n

P(X:1+---+X X+Xr+ o+ XY < —nr——— 0.
( 1+ + n?é 1+ &g + + ”)_(\/ﬁloglogn)2

By symmetry, X" = 0. Then
v/nloglogn vnloglogn 9
E((XM?) < / 2eP(|X]| >n) = / = = log(n(loglog n)?) = log n+2logloglog n.
1 1 T

We can also lower bound it by approximately logn, so E((X})?) = logn + o(logn).
Using LF CLT, take
X7 Xy X5
vnlogn’ /nlogn’ ~~ y/nlogn’

We show the sum of variances to a limit, and contributions from large variances add
up asymptotically to 0.

Note that N
_ 1 1
ZV&T(XM) =n ogn + ologn) — 1.
; ’ nlogn
i=1
Then
n 5
Y EXni [ Xnil >e€) =0,
i=1
since
X;1(|X;| < y/nloglogn) < loglogn -
€
vnlogn — logn
for large n.
5 d . d
By LF, WLS%M % N(0,1), and by BC it follows that Wf%gn 5 N(0,1).

§17.2 General Theory of Distributions

We have a separable metric space (S, d) and we define distributions convergence in this
context.

Definition 17.1. X, % X if Ef(X,) toEf(X) for any bounded continuous function f.

o6
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\
Theorem 31 (Equivalent Conditions for Convergence)

The following are equivalent.
1. Ef(X,) — Ef(X) for all bounded continuous f.
2. For closed K, limsup P(X,, € K) < P(X € K).
3. For open U, liminf P(X,, e U) > P(X € U).
4. For A with P(0A) =0, P(X,, € A) — P(A).
5. If f is a bounded measurable function and Dy denotes the discountinuity

points of f, if P(X € Dy) =0, then Ef(X,) = Ef(X).
- J

Remark: We have not stated a Skorokhod Representation Theorem.

Proof. We only show 4 implies 5, the rest are trivial. Suppose |f(z)| < K. Divide
[~ K, K] into intervals of size €, and call them I;. Let A; = f~1(I;). It suffices to show
that P(X,, € 4;) — P(X € A;). Note that 9A; C Dy f~(ie)U f~1((i +1)e). Then, we
choose the partition so that the boundary points have 0 mass(which is possible since the
set of boundary points with positive mass is countable). Hence, the boundary probability
is 0 and the result follows. O

§17.3 Convergence in R4

We can talk about distribution functions F'(X) 11 as X 1 oo and F(X) | 0 with X | —oc0
that are right continuous and monotone. We also require that all rectangles have positive
mass.

Then, we define weak convergence as F,,(z) — F(z) for all continuity points of X. In
d = 1, there were at most countably many discontinuity points. In d > 1, this is false.
For example, take Y = U[0,1], X = 0 and (0,Y"). The distribution function is given by

Lz>0,y>1
F(z,y) =qy,z>00<y<1,
0 else.

which is discontinuous at each (0,y).

Exercise 17.2. For each coordinate, the discontinuity points for each coordinate D; is
countable.

Theorem 32
F,(z) — F(z) at continuity points is equivalent to X,, — X in distribution.

Proof. If X,, — X in distribution, then F,,(z) — F'(x) and z is a continuity point, since
if z is a continuity point, the hyperplane passing through x has mass 0 so P(X € 04) =0
so P(X, € A) — P(X € A), and by definition, this is F,,(z) — F(z).

If F,(z) — F(z) for all continuity points, then given A = (aj X b1] X -+ x (aq X bg],
then P(X, € A) — P(X € A). Observing that any open set can be approximated
from the inside by a disjoint union of such rectangles, we find that liminf P(X,, € U) >
lim P(X, € B) = P(X € B) ~ P(X € U). 0
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§18 October 27th, 2020

§18.1 Fourier Inversion in R?

For a distribution F on R% with X ~ F,

where

We can show the inversion theorem generalizes: take A = [a1,b1] X [ag,ba] X -+ X [ag, bg)-
Suppose P(0A) = 0.
In 1D, recall that we had

1 T e—ita _ e—itb

o [ 60 T ) + Jad(a )

Let t = (t1,t2,...,tq7). Then

d d
(2m) / Tvtanbot) = ua),
Tt =1

—ita _ef'itb

where 1(t,a,b) = “— . The result follows from applying Fubini’s theorem to get

d T '
/H/ w(tiaa’iabi)enizia
i=17/-T
and fTT@D(ti,ai,bi)eitiwi — I(Xi € (ai,bi)) + 1/21(XZ' S {az,bl})
It follows that

d T
s b )ettiTi oy )
/ 11 / (b as ) = p(A%) = p(A)

§18.2 Convergence of Characters

Theorem 33
Xn = X if and only if ¢x, = dx_. -

Proof. The forward direction follows from the definition of bounded continuous functions
converging. For the converse, we show that ¢x, — ¢x. implies tightness, which
implies existence of subsequential limits, which implies that every subsequential limit
has characteristic function ¢x_ , which by inversion implies that the limit is unique. We
already have continuity at 0. Note that X, = (X} ..., X%), X, = (XL ,..., Xd). We
have that ¢ i (t) = ¢xi_(t). It follows that each of {X, },, are tight sequences.

By tightness, there exists P(X}, € [—M;, M;]°) < §. Then,

P(Xn € (X[=M;, Mi])%) <,

so X, is tight, as desired. O

o8
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Proposition 18.1
X, = X if and only if (8, X,,) = (0, Xo) for all § € R%.

Proof. We could use the continuous mapping theorem or characteristics functions. We
could also use characteristic functions. We know that ¢x, (t0) — ¢x_(t6), but note that
ox, (t0) = ¢o.x, (t) = Pox..(t). The other direction is clear taking ¢px, (1) = ¢x,,(0) —

§18.3 Multivariate Central Limit Theorem

Definition 18.2. X is said to have multivariate Gaussian distribution with covariance
Y and mean 0 if

ox(0) = 012,

Theorem 34 (Multivariate CLT)

If Xq,... are iid random vectors with mean 0 covariance 3, then

1- At e dar)w).
n

Proof. The proof follows from using 1D CLT and using the lemma above. O

§18.4 Poisson Processes

4 )
Theorem 35
Suppose we had a triangular arrow { X!} with X;n ~ Ber(P, ;) where Yo i Pai— A
and maxi<;<n Pn; — 0. Then,
n
ST X% Poi(\)
i=1
where P(X = k) = e \F/k!.
. J
Proof. The characteristic function for a Poisson variable is
ox(t) = Z e Nkl = A Z(eit)\)k/k! = e e = A,
The characteristic function of Ber(P,;) is
B(t) =1 — Py + Ppie™ =14 Pyi(e —1).
Then,
n .
bxp sy () = [[(1+ Pule = 1)) = A
i=1
If we compute e Frileir=1) — B
We find that
n ) n
A= B| <Y Pule® =17 <4) P2 <4max Py »  Pui — 0.
i=1 i=1
Then e Fi(e"=1) 5 Al ~1) — P poi(x)(t)- O
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§18.5 Signed Measures

Definition 18.3. In a space (£2,X), we have p: X — (—o00,00] so that u() = 0 and if
A = |J E; disjoint, then either u(A) = oo of u(A) < co. In the first case > u(E;)- < o0
and > u(F;)+ = oo. In the second case, we need > |u(FE;)| < oo, which implies that
S u(E;) = u(A) is well-defined.

Example 18.4

If 1, po are finite measures, then g1 — o is a signed measure.

Example 18.5

In (Q,%,u) f is a measurable function with [ f- < oo and [ f; = oo, then
v(A) = [, [ is a signed measure.

Definition 18.6. A set A € ¥ is positive if for all B C A u(B) > 0.

Lemma 18.7
If Ay, Ag,... are positive then so is |J 4;.

Theorem 36 (Hahn Decomposition Theorem)
Given signed measures, there exists A, B so that A is negative, B is positive, A, B
disjoint and

u(E) = p(ENA) + p(EN B).

Lemma 18.8
Suppose C' is such that p(C) < 0. Then there exists D C C with u(D) < 0.

60



Vishal Raman (December 1, 2020) Math 218a

§19 October 29th, 2020

§19.1 Decomposition Theorems

Definition 19.1. A set S is a null set if all its measurable subsets have 0 measure.

Lemma 19.2
Suppose C is such that p(C) < 0. Then there exists D C C with u(D) < 0.

Proof. We iteratively throw out sets with positive mass. Is S is negative, we are done.
Otherwise, there are sets of positive mass. Let n; be the smallest integer such that there
exists £y with u(E;) > n% Then, consider S\ E; and repeat.

If the process stops in finite steps, we are done, since S\ (F1 U Es U---U Ey) is a
negative set for some k. If not, let S’ = S\ |J;2, E;. Because yu is a signed measure,

H(S) = () + 3 ().

Note that x(S) < 0 and p(S") < 0, so we must have Y2, u(E;) < oo. Then S’ must be
negative. If not, there exists F' C S" with u(F) > 1/N for some N. But after some i,
w(E;) < %, so we would have thrown away F' instead of the E;, a contradiction. O

Now we proof the Hahn Decomposition Theorem:

Proof. If there does not exist any set S with negative measure, we are done. If not,
there exist negative sets. Let a = inf{u(C) : C negative}. Let C1,Ca, ... be increasing
negative sets with u(C;) | o. We have shown that B = (J;2, C; is negative. Then
wu(B) > a since « is the infimum. However, pu(B) < u(C;) for all i, so u(B) < «, which
implies that u(B) = a.

We claim that B¢ is positive. If not, it contains a set with p(D) < 0, which implies
there exists £ C D with u(E) < 0 and F is a negative set. Hence B U E is a negative
set with (B U FE) < a, a contradiction.

The composition is then 2 = B U B€. Suppose there is a set C'U C° with C' negative
and C°¢ positive. Then C' N B¢ is both negative and positive so it is a null set. Similarly,
C°N B is a null set. O

Definition 19.3. Meausres p, v are mutually singular if there is a set A with pu(A) =0
and v(A¢) = 0.

Theorem 37 (Jordan Decomposition)

For o a signed measure, there exists mutually singular measures a™ and o~ such
that a = at —a™.

Proof. We take a™ = a|pc and a~ = —a|g where Q = BU B¢ is the Hahn Decomposition.
In this case o™ and o~ are unique, since null sets are measure 0 and don’t change the
value of the measures. O
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Theorem 38 (Lebesgue Decomposition Theorem)

If p1, po are finite measures, then po = g + 5 such that there exists g > 0 with
p3(E) = [z gdpy and p3 is singular with respect to p;.

Proof. We extract p4 from po. Then, consider H = {h:h >0, [ hdu; < p2(E),E € T}
We want ¢ is to be the maximal element of h. Note that if hy, ho € H then hy V ho € H.
If we take A : {h; > ha}, then

/ h1V ho dp :/ hldul-i-/ ho dpy S/LQ(EQA)-FMQ(EQAC) IMQ(E).
E ENA ENAc

Let o = supycy [ hdpr. Let {h;} be so that [h;dus T a. Then g = limh; is well
defined since h; are increasing and

/ gduy = 1im/ hidpy < pa(E).
E E

Hence, g € H and by MCT, [ g = a.

Define p§(E) = [5 g dui. It suffices to show that ph = pip — p§ is singular with respect
to -

Consider the signed measure py — ey and consider the positive and negative part
Ae, Be. If 11 (Ae) > 0 then g + €l 4, € H since

[ o+ clacdin = i5(E) + (AN B) < 18(B) + 1y (B) = ).
However,
/g +eladu = a+eur(Ae) > a,

a contradiction.

For any ¢, the positive part of uy — euq, A has 0 pj-mass. Where B, is the negative
part, take A = (J;2; A1/n, and B =(,Z; By /. We claim that u5(B) = 0. If p5(B) > 0,
then pb(B) — epi(B) > 0 for some small €, but B is contained in the negative set Be.

The uniqueness is easy to show. O

Definition 19.4. s is said to be absolutely continuous with respect to p1( denoted
po << py) if for any A with pi(A) =0, pe(A) = 0.

Theorem 39 (Radon-Nikodym Theorem)

Suppose u, v are o-finite measures and v is absolutely continuous with respect to p,
then there is a h > 0, so that v(E) = [, hdpu.

Proof. By the Lebesgue decomposition, po = p§ + p3, but po << p1, p5 = 0. It’s easy
to check the uniqueness of h almost surely. O

§19.2 Conditional Expectation

Definition 19.5. Suppose we have (2,3, P) and a random measurable variable X with
E|X| < co. Let F C %, another o-algebra. We define F(X|F) as an F measurable
function with the property that for all S € F,

/SE(X|}")du:/SXdu.
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Lemma 19.6
|E(X|F)| is in L.

Proof. Let A={E(X|F) >0} € F . Then

/]E(X|F)|:/AE(X|F)— ACE(X]F):/AX—/CX§/|X|.

We first address existence. Assume X > 0. Define a measure p’ on (2, F) where
W (E) = [z X dpi. We have that 4/ is a measure on (Q,F). It is easy to check that
' << p1. By RN, there exists g measurable with p/(F) = ngdul. The theorem also
shows uniqueness almost surely, so we define F(X|F) = g.

Now we handle uniqueness. Suppose hj, ho are two versions of E(X|F'). Then

[ =[x

and f hi1 — ho =0, so hy = ho almost surely.
Some facts about conditional expectations:

O

e Suppose B € F and X; = X3 on B. Then E(X;|F) = E(X3|F) almost surely on
B.

e Linearity: X,Y € ¥, then E(aY +bY |F) = aE(X|F) 4+ bE(Y|S) almost surely.
e Monotonicity: X <Y implies that E(X|F) < E(Y|F) almost surely.

e X, >0and X, 1 X, E(X) < oo then E(X,|F) 1 E(X|F). Then, we adapt the
proof of MCT to prove this.
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8§20 November 3rd, 2020

§20.1 Properties of Conditional Expectations

We have a mapping (2,2 P) (R, B(R)), and a subsigma algebra F so that E(X|F)
is the F-measurable function such that

/MMH:AX

Remark 20.1. In a sense, this corresponds to the maximum information of X given the
subsigma algebra F.

for all A € F.

Exercise 20.2. State and prove versions of Fatou’s Lemma, MCT, and DCT for condi-
tional expectation.

Theorem 40 (Jensen's Inequality)
Let ¢ be a convex function and X a random variable so that E|X|, E|¢p(X)| < oco.

Then
O(E(X|F)) > ¢(E(X]|G)) almost surely.

Theorem 41 (Tower Property)
Given G; C Gy C X,

E(E(X|G2)|G1) = E(X]|G1) almost surely.

Proof. For A € G,

| Bexieion = [ pcxig) = [ x = [ pcxig).

U
4 N
Theorem 42
For G C ¥, X is a random variable that is independent of G, which means that G
and X(X) are independent as subsigma algebras of ¥. Then
E(X|G) = E(X),a.s.
\- J
Proof. For two random variables Y, S independent, E(Y Z) = E(Y)E(Z). Then
/E(X|G):/X:/X1A: /E
A A
0
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Theorem 43

Suppose X,Y are random variables with Y G-measurable with E|X| < oo and
E|XY| < co. Then E(XY|G) = YE(X|G).

Proof. Take Y = 1p with B € G. Then E(X1p|G) = 1E(X|G). Then

/AE(X13|G):/AXle/AmBX:/AE(X\G)lB.

Theorem 44

Suppose X € L2, If we take G C ¥ and Y to be a G measurable function in L?.
Then E((X —Y)?) > E((X — E(X|G))?).

Remark 20.3. The geometric interpretation of this result is that E(X|G) is the projection
of X onto L?(G).

§20.2 Regular Conditional Probabilities
We will call P(A|G) = E(14]G). For any A;, A, ... disjoint,

P(UAz‘\g) = ZP(AiQ)va-S'

by applying MCT for conditionals to the function ) ;" ; 14,. However, one can face
issues to ensure the almost surely condition holds simultaneously for all such families of

sets. This is because the nullsets can depend on the set system {4;}, which means for
no w € Q, we can expect P(|JA4;|G) = > 1, P(A4;|G) for all sets A;.

Definition 20.4 (Regular Conditional Probability). . If we have f: Q x B(R), for all
A € B(R),
f(A) Q= [0,1]

is a version of P(A|G) and almost surely, f(w,-) is a probability measure.

Remark 20.5. These only exist in the case of "nice spaces”, namely Polish spaces. The
key thing that make the construction possible is the separability.

§20.3 Martingales

We have a stochastic process X1, Xo,...,X,,... measurable random variables with
E|X,| < oo for all n.

Definition 20.6. A filtration is a sequence of Y-algebras,
FKCHhC---CX.

We assume X, is Fj,-measurable. Since X,, is in L', we discuss E(X,|Fy,) for m < n.
If m > n then E(X,|F,,) = X,, almost surely.
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Definition 20.7. A process Hi, Hs,... is predictable if H,, is Fj,_1 measurable.

Definition 20.8. Suppose {X,} is F,, adapted. Then X,, is a martingale if for all n,
E(X,|Fh—1) = X,—1 almost surely.

Example 20.9 (Linear Martingale)
Suppose Z; are all iid Ber(+1). Then X, => """ | Z;, Fp, = 0(Z1,...,Zy).

E<Xn‘Fn—1) - E(Zn + Xn—l‘Fn—l) - Xn—l + E(Zn‘Fn—1> - Xn—l-

Definition 20.10. A submartingale is when E(X,|F,—1) > X,,—1 almost surely, and a
supermartingale is when E(X,|F,—1) < X,,_1 almost surely.

Example 20.11 (Exponential Martingale)
If X,, are iid, E(X,) =1. M, =[], X; is a martingale.

4 N\
Theorem 45

Given a martingale X,,, we can generate a new martingale using predictable processes.
Suppose H; predictable X, is a martingale. Then

n
Yn == ZHn(Xn - Xn—l)
i=1

is a martingale.
. J

Proof. Note that Y, is Fj,-adapted since X, H, are F,-adapted. Then

n—1
E(Yo|Fo1) = EQ Hi(Xi = Xi 1) + Ho(Xn = Xp1)[Fo1)
=1
= Yn + E(Hn(Xn - Xn—l)‘Fn—l)
=Y,,.
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§21 November 5th, 2020

§21.1 Martingales, Continued

Recall the setting: we have a filtration 71 C --- C F, and X,, adapted to (F,) in L' if
E(Xy,|Fn-1) = X,,—1 almost surely. We can extend this to E(X,|F,,) = X, for m <n
by iteratively using the tower property.

Example 21.1

A simple random walk S, = > | X;, where X; are iid Ber(+1), is a martingale. If
we change X; ~ Ber(p), then it becomes a submartingale because the mean of each
entry is strictly positive.

§21.2 Predictable Sequences
Definition 21.2. A sequence H, € F,_; is called predictable.

Given a martingale sequence X, and a predictable process H,, we showed that the
process M, = > | H;(X; — X;_1) was a martingale, where My = 0.

Proposition 21.3

Suppose X, is a submartingale. Define M, = " | H;(X; — X;—1). If H, > 0 and
is predictable, then M,, is a submartingale.

Proof.

E(Mn|‘/rn71) = Mnfl + E(Hn(Xn - Xn*1)|]:n)
= n—1 + HnE(Xn - Xn—l‘]:n)
> My—1.

§21.3 Stopping Times

Definition 21.4. A stopping time 7 is a random variable from (£, 3, P) — N U oo such
that the event {T < n} is F,, measurable.

Remark 21.5. Given the filtration, then we should be able to consider the information up
to time n to determine whether {7 < n} is measurable.

Example 21.6
Consider the symmetric random walk S, = > X; which are iid Ber(£1). Let
F, =o(X1,Xo2,...,X,). We can pick the stopping time 7y as the minimum time so
that S,, = 0.

In general, if we look at the last hitting time: 7, the max n so that S, = 0 is not
a stopping time since we would need to consider all the noise in the future as well.
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Theorem 46

Suppose X,, is a martingale and 7 is a stopping time. The process Z, = X,ar is a
martingale.

Proof. The strategy is to show that Z,, is a transform of X,,. To do this, we have to
construct a predictable process H,, such that (H - X) = Z. Define H,, = 1{7 > n}.
Then,

n
Z Hi(X; — Xi—1) = Xpar — Xo.
i=1
H; is predictable since 7 is a stopping time, and H; = 17>, =1 — 1{Z <+ — 1}, which
is F;—1 measurable. Hence X, is a martingale so X,,n — My is a martingale, so X,z is
a martingale. O

I Remark 21.7. Observe that the same holds for submartingales and supermartingales.

§21.4 Expectation for Stopped Martingales

Lemma 21.8

If 71 < 79 almost surely for two stopping times, then F(Xyar) < E(Xuar,) for a
submartingale X,,.

Proof. Tt suffices to show that E(Xuar) < E(X,). It 71 > n, the result is clear.

We saw that H is a predictable sequence and M, = X, — Xo = (H - X). Call
Zn = (1— H)- X, which is also a submartingale.

Then Z,, + M,, = X,, — Xo is a submartingale, so E(Z,) > 0 for all n. Finally,

E(Zn) + E(Mn) = E(Xn) - E(XO) = E(Mn) < E(Xn) - E(XO)

but E(M,) = E(Xurr) — E(Xp), so it follows that E(X,ar) < E(X,).
Define Z,, = X,ar,. We know that Z,, is a submartingale. Then E(Zyar) < E(Z,)
E(Xn/\rg)-

Ol

Remark 21.9. The same argument shows that if X,, is a martingale, then F(X, ;) =
E(X,) = E(Xj) for all n and stopping times 7. However, it does not follow generally that
E(X:) = E(Xo).

Example 21.10

Let So =1, S; =1+ >, X;, for X; ~ Ber(+1). Take 7 = min{n : S,, = 0}. One
can show that 7 < oo almost surely. However, Sp =1, ES; = 0.

§21.5 Convex Functions and Martingales

The following theorem will prove to be useful.
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Theorem 47

Suppose ¢ is a convex function and X, is a martingale. Then ¢(X,,) is a submartin-
gale.

Proof. This follows from the conditional Jensen’s inequality.
E(¢(Xn)|]:nfl) > @(E(Xn’]:nfl)) = QS(anl)'
The above also works in X, is a submartingale and ¢ is increasing as well. O

We often choose ¢(X) = X or ¢(X) = (X —a)™.

4 N\
Theorem 48 (Doob's Maximal Inequality)
Suppose X, is a submartingale, Then for any a > 0,
E(XF
P(max X >a) < ( ”)
0<k<n a
. J

Proof. Define 7 to be the stopping time, {info<x<, Xi > a}. We know that X, is a
submartingale so E(Xuar) < E(X,). The LHS can be decomposed in E(Xparlr<n) +
E<Xn/\7'17'>n)a and

E(XTL/\T]-T>n) = E(Xn17'>n)a

so it follows that
E(Xparli<n) < B(Xy) — BE(Xplr5n) = E(Xnlr<n) < E(X,)).
On the other hand,
E(Xnarlr<pn) = E(X 1<) > aP(T < n),

so it follows that
aP(t <n) < B(X,),

which gives the result. O

Remark 21.11. Recall the Kolmogorov Maximal Inequality, X; are iid mean 0, EX? < oo,
S = Zle X;. Then

2
P(Orél]?gn|5k| >x) < Var(S,)/z*.

This is a corollary of Doob’s by considering the submartingale M,, = S2.
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§22 November 10th, 2020

§22.1 Convergence of Martingales

Recall Doob’s inequality: If X, is a sub-martingale, then

P(sup X >z) < E(X,)/x.
0<k<n

We begin by proving the upcrossing inequality:

4 )
Theorem 49 (Upcrossing Inequality)

Suppose X,, is a sub-martingale. Pick a < b. Define 7g : inft : Xy < a, 71 : inft >
70, Xt > b,.... Each of 79 — 71, 70 — 73,... is an upcrossing. Let N(a,b,n) be the
number of crossings up to time n.

E((Xn —a)¥) — E((Xo —a)¥)
E(N(a,b,n)) < T 0 .

. J

Proof. Consider the sub-martingale M,, = (X,, —a)™ + a, since f(z) = (x —a)" +a is
convex and increasing.
Define the predictable process

Hy = 17’0</€§T1 + 17’2<k§73 o

We know that H - M is a sub-martingale. M,, — My = H -M + (1 —H)-M is a
submartingale so
E(M, — Mo) > E(H - M).

We know that

E(Xy —a)t —E(Xo—a)")>H-M > (b—a)N(a,b,n) + some correction.

Theorem 50 (Martingale Convergence Theorem)

If X, is a submartingale with sup EX+ < oo, then as n — oo, X,, converges almost
surely to a limit X with E|X| < oc.

Proof. Fix a < b. Then

E((Xn—a)) _ BXy +la)

<
E(N(a’7b’n))— b_a b_a

Then F(N(a,b,00)) < oo since E(X™) < oo uniformly in n. Now, choosing a < b € Q,
one can ensure almost surely that

N(qthaoo) < 00

for all g1 < g2 € Q. It follows that

ﬂ {N(a,b,00) < oo}

a,beQ
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is probability 1, so it implies that X, has a limit. We show that lim sup X,, = lim inf X,,.
If not, one can find
liminf X7 < ¢1 < g2 < limsup X,.

This implies that we have infinitely many crossing between lim inf X,, and limsup X,
and hence between qi, g2, which is a contradiction.

Finally, we show E|X| < co. EX'T < o0 and X,, = X so X;' — X,. By Fatou’s
Lemma, EX " <liminf E(X;") < co. Then,

sup E(X,) =sup E(X,]) — E(X,) <sup B(X;") — BE(X;) < oo.

Using Fatou’s lemma again shows that EX < 0o, so we have E|X| < oc. O

Corollary 22.1
If X,, > 0 is a supermartingale, then X,, — X almost surely so that F|X| < co.

Proof. Y, = —X,, is a sub-martingale and Y,/ = 0 so EY,} = 0. Hence sup E(Y,) < oc.
The previous result shows that Y;,, — Z € L! almost surely so X,, — —Z. ]

§22.2 Martingales with Bounded Increments

4 N\
Theorem 51

Suppose X, is a martingale sequence satisfying | X,, — X,,—1| < K almost surely for
all n. Then, define

A = {X,, converges}, B = {limsup X,, = oo, liminf X,, = —oo}.

Then P(AUB) = 1.
. J

Proof. Let 7 = inf{t : X; > M}. WLOG take Xy = 0, since X,, — Xj is a martingale.
Define Y,, = X pn, which is a martingale. Then Y,F < M + K so EY,” < M + K for all
n. By the Martingale Convergence Theorem, Y,, converges almost surely implies that X,
converges on the event 7 = oo. Sending M to infinity,

oo
ﬂ {Y,, converges}.
M=1

It follows that X, converges on the event | J;-_, {7, = oco}. Equivalently, lim sup X,, < oc.

On the event limsup X,, < oo, X,, converges. Because X, is a martingale, we can work
with —X,, to conclude X,, converges on the event {liminf X,, > —oo}. So either X,
converges, or limsup X, = co and liminf X,, = —oc. O

§22.3 Lp inequalities

4 N\
Theorem 52

If we have submartingale sequence X,, and E|X,|F < oo for 1 < p < oo for all n
then

B X0 < (20 ) BN,
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I Remark 22.2. The statement is false for p = 1.

Proof. LetY,, = maxo<r<n X; . By Doob’s Maximal inequality, P(Y,, > A) < E(X,F1Y,, > \)/A,
so it follows that

E(YP) = / pAPTIP(Y, > N)dA

n

< /p)\p_2E(XJ1Yn>,\)

- / pAP 2 / X1y, v
Yn
ZP/XTT/ A
0

~ 2 [

By Holder’s inequality,

B(Y)) < Lo BXYPY) < Lo B(X)) PE() D,
b= p—

Dividing by both sides,
D p
B(YD) < (1) E(X;)P).
p _

However, E(Y}) could be infinite. To fix this, one can show by truncation the same
inequality holds for the truncated version,

E(|Y, A MPP) < <p%>p E(X;)P.

Taking M — oo and applying the monotone convergence theorem gives the result. [
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§23 November 12th, 2020

§23.1 Lp Inequalities, continued

Last time, we used Doob’s Maximal Inequality to show that

<n

p
B xt ) < (27) BIxP,
p_

Example 23.1 (Counterexample for p = 1)

Take a simple random walk with Sy = 1,51 = X3, So = X;+ Xo where X; ~ Ber(+1),
iid. Let 7 = inf{t : Sy = 0}. Spar is a non-negative martingale.
Then, E(Spar) = ESy = 1. We will show that

1

P T M = 25
(I?Sag(Sn/\ > M) 7

so it follows that

=1
E(max Snar) = Z —
m

§23.2 L* Convergence

Theorem 53

Suppose X1, Xs,... is a martingale sequence with sup F(|X,|P) < co. Then, there
exists a random variable X so that E|X, — X|P — 0.

Proof. X, € LP implies that X,, € L! and F(|X,|)? < E(|X,[?). So sup E|X,| < oo
and By Fatou’s lemma, E|X|P < liminf E(|X,|P) < oo, so X,, = X almost surely by
martingale convergence.

Using the LP maximal inequality, |X| is a submartingale so

Blyax | Xul?) < /(0 ~ DI E(X, ).

Sending n — oo and using MCT, it follows that
E(sup | X,|P) < 0.

Finally, X,, — X so |X,, — X| < 2sup|X,|. It follows that | X,, — X|P < (2sup |X,,|)?
and using the dominated convergence theorem, it follows that F|X,, — X|P — 0. O

Example 23.2

From our simple random walk from earlier, Sy, > 0 is a martingale so it converges.
We can show that Spnr — 0, since Spar — X and |Spt1ar — Suar| = 1 unless
Spar = 0. But ESpar =1, 50 Syar /4 0 in L' since that implies that ES,,; — 0.
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Theorem 54 (Doob’s Decomposition)

Suppose X, is an F,, adapted submartingale. Then, there exists a unique predictable
non-negative process A, with Ag = 0 such that X,, = M,, + A,, where M, is an F,
adapted martingale.

Example 23.3

Take S, = Y., Z; where Z; ~ Ber(p). Note that F(Z;) = p so it is a sub-
martingale. We know that M,, = > Z; — p is a martingale since E(Z; —p) = 0. Then
Sn = M, + np. In this case A, = np.

Proof. We have X,, = M,, + A, then E(X,|Fn-1) = Mp—1+ A = X1 — Apn—1 + Ay,
Hence,

E(Xn’fn—l) - Xn—l = E(Xn - Xn—l‘Fn—l) = An - An—l > 07
since X,, is a submartingale. Then, we have Ag = 0 and

n

Ap =" E(Xpm = Xm1|Fm-1).

m=1

A, is predictable since it is Fj,,_1 measurable. Then, M, = X,, — A,. This is a
martingale since

E(Mn|fnfl) — E(Xn|fn71) - An — Ap—-1— Anfl - Mnfl-

§23.3 L' Convergence, Uniform Integrability

Definition 23.4. X, is said to be uniformly integrable if given € > 0, there exists M so
that
BE(|Xnlx,>Mm) <€

4 N\
Theorem 55
If X,, is a martingale, then the following are equivalent:
e X, is UL
e X,, — X almost surely and in L' for some X.
o X, = E(X|F,).
. J

Proof. Uniform integrability implies that sup F|X,| < co. By the martingale convergence
theorem, we have X so that X,, — X almost surely and X € L'. Convergence in L' was
a homework problem(9.5b).

For 2 implies 3, we want to show that X,, — X as, L1 implies that X,, = E(X|F,). It

suffices to show that
/ AX, = / X
a A
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for A € F),. Notice that [, X,, = [, X, for m > n by the martingale property(E(X,,|F,) =
Xp). It follows that

|E(X;A) — E(Xm; A)| < BE(|X — Xin|; A) < E|X — X, to0.
For 3 implies 1, X,, = E(X|F,,) implies that X, is a martingale since
E(X,|Fn-1) = E(E(X|F)|Fn-1) = E(X|Fn-1) = Xpn—1.

This was a homework problem. O

Corollary 23.5

X is a random variable, then X,, = E(X|F,) is a martingale. We know that X,, — Y
almost surely and in L'. Let Foo = o (U2 Fn). Then, Y = E(X|Fx).

Proof. Tt suffices to show that E(X;A) = E(Y; A) for A € F. Instead, we show that
E(X;B) = E(Y;B) for all B € |J;”,Fn, and use the m — A theorem.

Take B € F,. We know that E(X;B) = E(X,;B) since X,, = E(X|F,) and
E(X,;B) = E(X;,; B) = E(Y; B) since X,, =Y in L. O

§23.4 Optimal Stopping Theorems

We know that E(Xo) = E(Xpa-) since it is a martingale. We want to find conditions so
that B(Xo) = E(X,).

Lemma 23.6
If X,, is UI and 7 is a stopping time, then X,, = X1, is UL

Proof. We start with
E(IXnll x5 00) = E(1 Xl g sm o) + E(X g m)-
Observe that |X,,| is a submartingale so E|X,| < E|X,| since X,, is UL Then
sup E(|X,|) < sup E(|1X,|) < oo,

so it follows that |X,| — |X|. It follows that both sets in above are sets of small
probability. O

From the Ul, we can show that E(X,r;) — E(X;) and E(X,rr) = E(Xo), so
E(X;) = E(Xy), as desired.
Other conditions where OST holds:

e X, is a martingale sequence and X,, — X,,_1 have the property that | X, — X,_1| < B
almost surely, and E(7) < oo.
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§24 November 17th, 2020

§24.1 More Optimal Stopping Conditions
Other conditions where OST holds:

e X, is a martingale sequence and X,, — X,,_1 have the property that | X,, — X,,_1| < B
almost surely, and E(7) < oo.

e X, is a martingale sequence and X, — X,_1 have the property that F(|X, —
Xn-1||Fn-1) < B almost surely, and E(7) < co.

Proof. Suppose Xy = 0. We note that X,, = " | X; — X;_1, so

.
Xopr =Y Xi=X+i-1=) (X;—X;1)l(r >i—1).
=1

Finally, |Xpar| <D0 1X; — Xi—1|175i-1 = A and it follows that
ZE(|X1'—X@'—1!17>¢—1) = ZE(E(\Xz‘—Xz‘—1|1T>z’—1\Fz’—1)) < ZE(1t>i—lB) = BET,

d

Remark 24.1. The amount of information is somehow ”encoded” in the moment of the
martingale you take.

Corollary 24.2

Let 7 = 79 and consider S* = max; ., S;. Then ES* = oco.

Proof. We can compute

. 1 1
P(S Zn):Pl(TI<TO):m:5

§24.2 Reverse Martingales
For standard Xy, X1, ... and a filtration F,, so that E(X,|F,—1) = X, —1 almost surely.
Definition 24.3. We have Fy D F; D F5... and

E(Xi|Fit1) = Xin

almost surely. We could also write it this as E(Xg|F;) for a decreasing sequence of 3
algebras Fy D F1 D ....

Lemma 24.4

If X; is a reverse martingale, then there exists X with X; — X almost surely,
X; = X in L' and X = E(X¢|Fs) where F, = (N F;.
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Proof. The proof in the forward direction used the upcrossing lemma: for any ¢; < g
rational, lim E(N(q1,q2,n)) < oo if sup EX;I < oo.

Fixing some n and going from n — 0 gives a forward martingale. Then if N’'(q1, ¢2,n)
is the crossing number,

E(N'(q1,q2,n)) < M-

q2 — q1

Hence, lim E(N'(q1,g2,n)) < oo almost surely for all g1 < g2 € Q. Tt follows that X; has
a limit almost surely, which we will call X. For L' convergence, it suffices to show UL
Each X; = E(Xo|F;), so it follows that this is uniformly integrable.

Finally, X = lim X; and hence NF; measurable. Take B € F.,. It suffices to show that

[x-fo
B B

which follows from the fact that B € Fi, C Fj for all ¢ and E(X;; B) - E(X; B). O

§24.3 Applications of Reverse Martingales

Definition 24.5. Let &, = (A : A is invariant under permutation of the first n coordinates).
This means that for w € A, we have ow € A for o € S,,. Then £ =(&,.

Theorem 56 (Hewitt-Savage 0-1 Law)
If X, X1, Xo,... iid and A € € then P(A) € {0, 1}

Proof. We want to show that £ is independent of itself. Fix some K and some bounded
function ¢ : R¥ — R. We show this is independent of £. This would imply that
€ is independent of £ since we can take ¢ as indicators so that ¥(Xy, Xo,..., X}) is
independent of €. Then (J;o; 2(X7, ..., X) is independent of £, which is a 7-system,
so it follows that (X7, Xo,...) is independent of £. But £ is a subsigma algebra of the
former.

The first step is to symmetrize ¢(x1,xo, ..., x): define

1
Ap(@) = — Xiy Xigy oo, Xik)-
(¢) (n)k ZZ: ¢( 1 2 ,k)
Note that A, (¢) is S, invariant. Furthermore, A, (¢) is &, measurable and
1
And = E(AndlE,) = on Y E(0(Xiy, ... Xi,)|En).
Since &, is Sy, invariant, it follows that

E(¢(Xi17Xi23 cee asz)|gn) = E(¢(X17X27 C) Xk)|gn)

Hence, we have that
And = E(p(X1, Xo, ..., Xk)|En).

This is a reverse martingale since &, | E,. Hence
An¢ — E(¢(X17X27 ey Xk)|g)

It suffices to show that E(¢(X1, Xo, ..., Xk)|E) = E(P(X1, Xo, ..., Xk)).
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Lemma 24.6
If EX? < oo, E(X|G) € F with X independent of F, then E(X|G) = E(X).

Proof.
E(BE(X|9)X) = E(E(X|G)?) = E(X?).

It follows that
E(E(X|6)*) = E(X?),
so Jensen’s inequality is sharp for the convex function z — 2. O
We know that A,¢ — E(¢(X1, Xo, ..., Xk)|E). We prove that A, ¢ is independent of
X7. All the terms in A,¢ not containing X; is independent of X; and is measurable

with respect to X(Xs,...). Then A,(¢) = o(1/n) + A, (¢) independent of X, and the
error goes to 0. Repeating this for the other k terms gives the result. O
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§25 November 19th, 2020

§25.1 de Finetti’s Theorem

Definition 25.1. A sequence X1, Xo,... is exchangeable if for each n and m € S,
(X1, X2, ., Xn) = (Xr1), Xn@2)s 5 Xa(n)

in distribution.

Example 25.2

IID sequences are obviously exchangable. Another example: fix a random 6 €
[0, 1] uniform and consider Ber(6), iid. Each X; ~ Ber(1/2). But E(X;,Xs) =
Ey(E(X1,X316)) = E(6%) = 3.

4 N
Theorem 25.3
This is the only example of exchangeable sequences. That is, given X1, Xo,... and
the exchangeable sigma algebra &, the distribution of (X1, Xo,...) given & is iid.

. J

Proof. That the distribution of X;, X; given £ are the same follows that F(¢(X;)|€) =
E(¢(X;)|E) for all ¢, j(by the change of measure formula). It suffices to show that for

any f,g,
E(f(X:)g(X;)|€) = E(f(Xi)|E)E(9(X;)|E)

If will be enough to show for any f: R¥ - R and ¢ : R — R,

E(f(X1, Xoy .., Xp)g(Xp41)I1E) = BE(f (X1, .., Xp)[E) E(9( Xk 41/|E)

§25.2 Symmetric and Asymmetric Random Walks

Let &1,&2, ... beiid and let S, = So+ > ; &. Taking F,, = 0(&1,. .., &), we have some
martingales X, = S, —nFE¢&; the linear martingale. For E¢ = 0, we have X,, = S%—nEXf,
the quadratic martingale.

Consider the Symmetric simple random walk with P(§; = 1) = P(§ = —1) =1/2. We
compute the moment generating function E(s™) for s < 1. We have that E(1) = oo.

We compute this using exponential martingales.
eQSn

For 0, let ¢(0) = E(e?X1) where X; ~ Ber(41). This is ¢() = # > 1. My = Sy
is a martingale since
eGSn,l eHXn

B O O)
SO
M, = M, eeﬁ
")

Consider M, = My, for T = 7. Note that 0 < M, <. We know that E1 = (M,) =
E(M,) and by BCT, E(M,) = E(M;). Therefore,

E(M,)=1=E"B(6(6) 7).
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theta

Now, we set s = ¢(0)~!. Letting z = e and doing some algebra, we find that

22 +1—2/sx =0, so it follows that

244 —4s2 1+£+1—s2
x = = )

2s s

It follows that
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§26 November 24th, 2020

§26.1 Random Walks, Continued

For the simple random walk, we found the associated hitting time between a, b using the
martingale S, = > " | z;.

In the asymmetric case, the closest martingale is S, — (2p — 1)n. The idea is to consider
1-p
P
Consider the stopping time for 7 = 7y_, ;). The optional stopping theorem(if applicable)

is E(M;) = E(Mj). Notably, we can find similar expressions such as

S’!L
exponential martingales: Let M,, = ( > . It is easy to check that M,, is a martingale.

P(1_q < 7).
If we let ¢(y) = [(1 —p)/p)Y, then ¢(0) = ¢(b)(1 — q) + ¢(—a)g, so it follows that

¢(b) — ¢(0)
o (b) — ¢(—a)
Finally, note that the optimal stopping theorem is applicable since 7 A n is a bounded
stopping time and EM,; < EM ., we can apply BCT.

q=P(1_a <m) =

Proposition 26.1
P(my, < 00) =1, P(1_4 < 0) < 1.

Proof. Note that

(—a) 1-((1-p)/p)"

tma= (—a) ~ (=2 —(-p)fp) <

Then
P(my, < o0) = lim P(m, < 7—4) = 1.

a—r o0

For the other conclusion, we send b — oo, and ¢(b) — 0, so
1 _ —a
P(r_g=00)=1- (p) :
p

To find E(7), note that S, — (2p — 1)n is a martingale. By OST, 0 = E(S:an) — (2p —
1)E(T An), so it follows that

E<S7'/\n) < b

E(tAn)= <o 1

2p—1

By MCT, 7 An 1 7, so it follows that E(1 An) T E(1) < Tb—l’ if we apply OST.
We can apply DCT since
1STAM| < b+ | int S|

and P(inf S, < —a) = P(7_4 < 00) = (1;75)(1. Hence,

E(|inf Su) < ip(f_a < o0) = i (1_1’> _ 1_(11_]9)

a=1 a=1 p
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§26.2 Combinatorics of SRW

We consider simple random walks.

Theorem 57 (Reflection Principle)

Let x,y > 0. The number of paths from (0, ) to (n,y) that are 0 at some time is
equal to the number of paths from (0, —x) to (n,y).

For any path as above, reflecting the path about the x-axis until the first hitting time
of 0 creates a bijection to the set of paths from (0, —z) — (n,y). The inverse map is
exactly reflecting back.

Theorem 58 (Ballot Theorem)

Suppose A and B get «, 8 votes each with o > 3. The probability that throughout

the vote counting process A is ahead of B is %

Proof. Let V;(A) be the number of votes A has got after the first ¢ votes. Similarly for
B. Note that V;(A) + Vi(B) = t. We want to consider V;(A) — V4(B), specifically the
paths that never hit the z-axis.
Let n = a+ B3, = a — 3. Let Nj, be the number of paths from 0 to r in £ steps.
We claim that the number of desired paths is

a—@
a+p

Nn—l,m—l - Nn—l,r—l =

Exercise 26.2. Prove this result using the reflection principle.

O
Lemma 26.3
P(S1 #0,5 #0,...,5, #0) = P(Sy, =0).
Proof.
o0
P(Sl >O,...,Szn > 0) :ZP(Sl >O,...,Sgn,1 > O,SQnZQ’F).
r=1
The probability is exactly
Nop_12r—1 — Nop—1,2041
2n —1 '
If we let p, » = P(Sy, = ), then
> 1 & 1 1
ZP(Sl >0,...,8,-1>0,8,=2r)= 3 Z(an—l,Q'r—l_an—l,Zr—l-l) = gPm-11= §P(S2n =0).
r=1 r=1

By symmetry, the probability each are less than 0 is %P(Sgn = 0), so it follows that the
probability is P(S2, = 0), as desired.
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Then,

n

P(San = 0) = (2n> 2%

and using the Stirling Approximation it follows that

P(S2, =0) ~

Bl

Lemma 26.4

P(r = 2n) = P(1 > 2n —2) — P(t > 2n) = P(San_2) — P(Son = 0) ~ n=3/2

plugging in the result from above.

Theorem 26.5 (Arcsin law)

Let 79, be the number of edges that are above the x-axis. Let u,, = P(Sp,
Then P(7me, = 2k) = ugkuan—2k-

=)\
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§27 December 1st, 2020

§27.1 Combinatorics of Simple Random Walks
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